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Abstract 

<n : 

We develop a spinor calculus for a (2m + l)-dimensional complex Riemannian manifold (M,g) 
equipped with a preferred holomorphic projective pure spinor field [£]. Such a spinor defines a holo- 
morphic distribution A/" of m-planes, totally null with respect to g. The stabiliser of [£] is a parabolic 
Lie subgroup P of SO(2m + 1, C), and using its algebraic properties, we give P-invariant classifications 
of the curvature tensors of the Levi-Civita connection, which, in the case of the Weyl tensor, generalises 
the Petrov-Penrose classification to odd dimensions. From a spinorial point of view, this generalises the 

rHi. ■ notion of principal spinors. 

We also classify the intrinsic torsion of [£] in terms of P-irreducibles, which gives an algebraic measure 

t— ) , of the failure of [£] to be parallel with respect to the Levi-Civita connection. In particular, we interpret 

the integrability properties of the associated null m-plane distribution f\f and its orthogonal complement 
Af ± in terms of the algebraic types of the intrinsic torsion of [£]. The conformal invariance of these 
classes are studied and we give curvature conditions for a number of cases. 

We then investigate the geometric properties of a number of spinorial differential equations. Notably, 
we relate the integrability properties of a null m-plane distribution to the existence of solutions of odd- 
dimensional versions of the zero-rest-mass field equation. We also give necessary and sufficient conditions 
for a pure conformal Killing spinor to be foliating. This leads in particular to a conjecture refining the 

v^ , author's odd-dimensional generalisation of the Goldberg-Sachs theorem. 

r — ■ This work can also be applied to a smooth real pseudo-Riemannian manifold of split signature 

f^i equipped with a preferred projective real pure spinor field. 
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1 Introduction and motivation 



m 
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The present article is the 'odd-dimensional counterpart' of the author's work presented in |TC12b) . which 
focused on the geometric properties of projective pure spinor fields in even dimensions. Both this article 
and |TC12bj work share the same motivations and goals, and the reader should refer to the latter work for 
further details. 



The introduction of spinors in |Wit59j and |Pen60j to formulate Petrov's classification of the Weyl tensor 
in Lorentzian signature [PetOOJ marks an important step in the understanding of the complex geometric 
properties of spacetimes. This approach impinges on the fact that in four dimensions, Lorentzian signature, 
the self-dual part and anti-self-dual part of the Weyl tensor are complex conjugate of each other. Thus, 
the Petrov classification of the Weyl tensor can be reduced to the classification of its complex self-dual 
part. Algebraically, this can be represented by an element of the fourth-symmetric-power (3 + of the 
two-dimensional complex representation & + of positive spinors. This element can be thought of as the 
components of a homogeneous polynomial of degree 4, and the multiplicities of its roots gives an invariant 
way of classifying the Weyl tensor. A root of this polynomial is essentially a positive spinor [£] up to scale, i.e. 
a point in CP , and such a spinor is known as a gravitational principal spinor. When the Weyl tensor (at a 
point) admits a repeated root, it is then said to be algebraically special. This is known as the Petrov-Penrose 
type {2, 1, 1} or type II. 

In general relativity, algebraically special solutions to Einstein's field equations play an important geo- 
metric role: by the Goldberg-Sachs theorem [GS09J . an Einstein spacetime is algebraically special if and only 



if it admits a shearfree congruence of null geodesies (SCNG). It is, however, more convenient to understand 
a SCNG from the perspective of spinors. A projective chiral spinor field defines a distribution Af, say, of 
complex 2-planes, totally null with respect to the complexified metric. The integrability of Af is then equiv- 
alent to the existence of a SNCG, which can be seen to arise from the intersection of Af and its complex 
conjugate Af. 

The advantage of such an interpretation is that it easily adapts to other metric signatures. If our under- 
lying manifold is not Lorentzian, we then have two independent Petrov-Penrose classifications corresponding 
to the self-dual part and anti-self-part of the Weyl tensor. The Goldberg-Sachs theorem still holds, but 
each signature yields a different geometric interpretation of what a foliating spinor is. For instance, in 
Euclidean signature, a totally null complex 2-plane distribution and its complex conjugate are simply the 
+i-eigenspace and — i-eigenspace of an almost Hermitian structure respectively so that algebraically special 
Einstein Riemannian manifolds locally admit complex structures AG97,GIIN10 . On the other hand, if the 
underlying manifold is a complex Riemannian manifold, i.e. a complex manifold endowed with a holomorphic 
non-degenerate symmetric bilinear form, on which no particular reality structure is assumed, one only has 
a single spinor field defining a totally null 2-plane distribution. This is in a sense the 'barest' and most 
transparent setting, and will be the focus of this paper. 

One way to generalise this to complex Riemannian manifolds of dimension 2m + 1 is to consider a 7 -plane 
distribution, i.e. a holomorphic distribution Af of m-planes that are totally null with respect to the metric, 
or equivalently, a holomorphic projective spinor field [£] , say, annihilated by this distribution - such a spinor 
is said to be pure |Car81j . The existence of such a spinor field reduces the structure group of the frame 
bundle to its stabiliser P, say, a subgroup of the complex special orthogona l group SO (2m + 1,C). The 
subgroup P is a well-known example of a parabolic Lie subgroup [BE89 , FH9"Tl lCS09bj . This naturally leads 
to an algebraic classification of the Weyl tensor, and other irreducible curvature tensors, invariant under P: 
the space of tensors with Weyl symmetries £ admits a filtration £ 4 C £ 3 C . . . £~ 3 C £~ 4 := €. of P-modules 
C\ One can then go a step further by decomposing each P-module (T/(>? +1 into irreducibles, each being 
isomorphic to an irreducible GL(m, (C)-module, the reductive part of P. 

In fact, a partial higher-dimensional generalisation of the Goldberg-Sachs theorem was presented in 
|TC12a) : therein a notion of algebraic special complex Riemannian manifolds based on the filtration {C z } is 
defined, which under further genericity assumptions on the Weyl tensor and degeneracy assumptions on the 
Cotton- York tensor, guarantees the integrability of both Af and its orthogonal complement! 1 ] Such a result 
however remains coarse on account of the genericity assumption, and as we shall see in section [5j a pure 
conformal Killing spinor may not be foliating, yet its integrability condition implies the algebraic speciality 
of the Weyl tensor in the sense of |TC12aj . One must therefore seek weaker differential conditions on the 
distribution N (or its associated projective spinor field [£]), and for this purpose, we turn our attention to 
the intrinsic torsion of the P-structure of the frame bundle [Sal89 . This is a tensorial quantity identified 
with the Levi-Civita covariant derivative V[£] of [£], and lies in the P-module 2U := 03 <E> (fl/p) - here, 
g := so(2m + 1, C) is the Lie algebra of SO(2m + 1, C), and 33 its standard representation. The decomposition 
of 2U into irreducibles P-modules then provides a natural scheme under which differential conditions on the 
distribution Af and its orthogonal complement can be formulated. 

The aim of this article is to refine the classification of |TC12aj and to extend the work of |TC12bj to odd 
dimensions. In particular, given a projective pure spinor [£], we shall develop a spinor calculus in order to 

• formulate a spinorial classification of irreducible curvature tensors such as the Weyl tensor generalising 
the Petrov-Penrose classification; 

• characterise some of the geometric properties of the 7-plane distribution of [£] in terms of its intrinsic 
torsion, i.e. algebraic conditions on V[£]; 

• and apply this machinery to a number of spinorial differential equations such as the zero-rest-mass 
field equation and the twistor equation. 



1 This was motivated by the Lorentzian version given in ITC111 . where it was shown that such conditions naturally lead to 
the existence of a congruence of null geodesies. Also, this property was shown to feature in a number of higher-dimensional 
solutions of Einstein's field equations - see also MT10 . 



The differential properties of pure spinor fields appear to have first been investigated in six and higher 
even dimensions in [Hug95 , Jcf95 , HM88] . The reference |Jef95j in fact contains a prototypical spinorial 
classification of the Weyl tensor in six dimensions. In five dimensions, the author of |DS05] put forward a 
spinorial classification of the Weyl tensor distinct from the one presented in the present article. It stems 
from the remark that in five dimensions, the Weyl tensor is a totally symmetric 4-spinor, from which one 
can construct a homogeneous polynomial of degree 4 in CP . This was thoroughly investigated in [GodlO] 
in Lorentzian signature. A five-dimensional spinor calculus was also introduced in [GPGLMG09]. 

The classifications of the intrinsic torsion and the curvature of almost Hermian manifolds were given in 
[GH80J and [TV811IFFS94] respectively. The application of this work and |TC12bj to the study of Lorentzian 
geometry will be presented in [TCj , and can be thought of as a refinement of the higher-dimensional Petrov- 
Weyl classification expounded in |CMPP04[|MCPP05] . 

The structure of this article follows that of [TCI 2b] . In section [2j we recall some background on Clifford 
algebras and its spinor representation. Fixing a preferred pure spinor, we build a spinor calculus emphasising 
its relation to the representation theory of its stabiliser, a parabolic Lie subalgebra p of g = so (2m + 1, C). 
This leads, in section[31 to the p-invariant classifications of the tracefree Ricci tensor, the Cotton- York tensor 
and the Weyl tensor leading to Propositions 13. 1H3.2I and 13.31 respectively, which include 'Penrose diagrams' 
for these tensors. 

In section [4j we classify the module 2U = 93 (g) (g/p) in terms of irreducible p-modules as given by 
Proposition 14.21 This paves the way for the classification of the intrinsic torsion of a projective pure spinor 
field given in the next section. 

Section [5] focuses on the geometric applications of the algebraic classifications of the previous sections. 
Building on section @J we give algebraic characterisations of the intrinsic torsion of a projective pure spinor 
field [£] in Proposition 15.41 The integrability properties of the null m-plane distribution of [£] and its 
orthogonal complement are interpreted as conditions on the intrinsic torsion of [£] in Proposition 15.51 The 
conformal invariance of the intrinsic torsion is examined in Proposition 15. 8[ which also includes an odd- 
dimensional complex Riemannian of the 'conformal to Kahler condition'. 

We end the section by investigating the relation between differential equations on pure spinor fields and 
the differential properties of their associated 7-plane distributions. More specifically, Theorems 15. 171 15.181 
and 15.191 give odd-dimensional versions of the Robinson theorem for three distinct types of zero-rest-mass 
fields. Further, Proposition 15.211 and 15.241 investigate the differential properties of the 7-planc distribution 
associated to a pure conformal Killing spinor. Finally, we give a conjecture 15.271 of the Goldberg-Sachs 
theorem, generalising that of |TC12aj . 

We specialise to the special three- and five-dimensional cases in appendix [Bj where a number of results 
in the main text simplify. In appendix [C] we collect some useful formulae regarding conformal geometry. 
Finally, we have collected tables of irrcducibles in appendix [Dl 

2 Algebraic background 

In this section, we review the background on Clifford algebras, its spinor representations, and the algebraic 
properties of pure spinors. The approach will be to synthesize aspects of the theory of spinors given notably 
in ICar81HP"n§6llBT891lHS95l|Kop97| with the representati on theory of parabolic Lie subalgebras of [BE89| 
ICS09bj . We shall adopt the abstract index notation of |PR84|lPR86] throughout, in particular, that of 
Clifford algebras and spinors. 

2.1 Clifford algebras and spinor representations 

Let 93 be a n-dimensional complex vector space. Elements of 93, respectively, of its dual 93*, will carry 
upstairs, respectively, downstairs, lower-case Roman indices, e.g. V a and a a respectively. This notation 
extends to tensor products of 93 and 93*, i.e. we write T ab c d for an element of £g> 2 93* <g> 93 <g> 93*. We equip 93 
with a non-degenerate symmetric bilinear form g a ^ = g( a b) S 2 93* . Here, as elsewhere, symmetrisation is 
denoted by round brackets, while skew-symmetrisation by squared brackets, e.g. a a bc = OL[ a bc\ S A 3 93*. The 



inner product g a b together with its inverse g ab establishes an isomorphism between 23 and 03*, so that one 
will lower or raise the indices of tensorial quantities as needed. 

The Clifford algebra C£(23, g) of (93, g) is defined as the quotient algebra (££)* 53/3 where 3 is the ideal 
generated by elements of the form v <£> v + g(v, v) where v £ 23. This means that C£(23, g) and the exterior 
algebra A*23 are isomorphic as vector spaces, the wedge product being now replaced with the Clifford product 
• : Cl(W,g) x C£(tO,g) -)• C£(W,g) defined by 

v ■ w := v A w — g(v, w) , 

for t!,i«e2J viewed as elements of C£(V3, g). 

Henceforth, we assume n = 2m + 1, in which case the Clifford algebra can be seen to be isomorphic to 
a direct sum of two copies of the algebra of 2 m x 2 m -matrices over C. Each copy acts on a 2 m -dimensional 
complex vector space, which is known as the spinor space of (93, g). These spinor spaces are inequivalent 
irreducible representations of the double cover Spin(2rn + 1,C) of SO(2m + 1,C). From now on, we shall 
work with one of these spinor representations, which we shall denote &. 

Remark 2.1 One can give an explicit construction of the spinor representation & in terms of forms as 
follows. Choose a totally null m-dimensional subspace 91 of 23, and fix a dual 9t* of 9t so that 23 = 9tffi9t* ©il 
where il is the (one-dimensional) complement of 9? © 9t* in 23. Now, for any (v, w, u) £ 23, the action of the 
Clifford algebra on 6 = A*9t is given by 



where 



c = 



(v,w,u) ■ £ = v A £ — wj£ ± cut; , (2-1) 

+f, if £ £ A m m © A m - 2 m © A m - 4 9I © . . . , 
-f, if £ £ A™" 1 ?! © A m - 3 9t © A m - 5 9T © . . . . 



The choice of sign in (|2.f j) reflects the choice of inequivalent spinor representations. 

Elements of & will carry upstairs upper-case Roman indices, e.g. £ , and similarly for elements of the 
dual spinor space ©*, with downstairs indices, e.g. t\a- From the definition of the Clifford algebra, one 
can show that C^(23, g) is generated by the (Van der Waerden) ^-matrices 7 a ^ s which satisfy the Clifford 
property 

J(aA C J b )C B = -9a b S%. (2.2) 

Thus, only skew-symmetrised products of 7-matrices count, and we shall make use of the notational short 
hand 

B C\ C 2 B fr, o\ 

These matrices give us an explicit realisation of the isomorphism C£(23, g) = /\* 23 as vector spaces. 

The spinor space & and its dual &* are equipped with non-degenerate bilinear forms, with which one can 
in effect raise or lower the indices. In particular, the 7-matrices (|2.3[) can now be viewed as bilinear maps 
from & x & to A p 23 some p. Depending on the values of m and k, these bilinear forms can be either symmetric 
or skewsymmetric. Of interest is the case where p = m: the 7-matrices 7 aia2 a and 7 01 Qm+1 are 

always symmetric in their spinor indices. 

Before we delve into the topic of pure spinors, we state without proof the following technical lemma that 
will be used later. 

Lemma 2.2 We have 

laA lbx—b p BD7cC = (~ ^1 [lab 1 ...b p cAC ~ IP + ^)l[ab 1 ...b p - 1 Ac9 b p \c 

~P9a[b 1 % 2 ...b p ]cAC +P(P+ l )9a[b 1 lb 2 ...b p ^ 1 Ac9b p ]c) 



In particular, 

l a A B l bl ... bp BDlaC D = (-l)" l+p (2p - 2m - l) lbl ... bpAC . 

2.2 Pure spinors 

Let £ be a non-zero spinor in (5, and consider the map 

L A ■■= Z B laB A ■■ © "> © • 

By the Clifford property (12.21) . the kernel of £ a A : 23 — > 6 must be totally null, i.e. for any X a , F a e ker^^ 4 : 
23%6, .g Qb X a y 6 = o/ 

Definition 2.3 A non-zero spinor £•* is said to be pure if the kernel of £ : 2J — 5- © is m-dimensional. 
Clearly, the purity property is invariant under rescaling of £ . 

Definition 2.4 A null structure or "/-plane on 23 is a totally null m-dimensional vector subspace of 23. 

Remark 2.5 By identifying the spinor module & with the C£(23, g)-modulc A*1t where 91 C 23 is a null 
structure, it is clear that pure spinors exist and in fact span 6. There is thus a one-to-one correspondence 
between 7-planes in 03 and projective pure spinors. 

Henceforth, we shall focus on the geometry arising from a fixed pure spinor £ . By definition, £ induces 
a filtration 

{0} =: 23 2 C S3 1 C 03° C 23" 1 . (2.4) 

where 

e^:=(£ A }, 6^ :=im£/ : 23 ^ 6 , 

23- 1 :=23, 23 1 :=ker£/ : 23 ^ 6 , 23° := (23 1 ) 1 - , 

where _L denotes the orthogonal complement with respect to g ab , and one has an isomorphism^ 2 ] 

(23-723 1 ) (g)6T ^6^, (2.5) 

of vector spaces. In particular, 6~ a - is an (m+ l)-dimensional subspace of ©, which must contain ©"2", i.e. 

©f c 6^ . 

By invariance, this is identified with the 1-dimensional subspace 23° /23 1 , so that 

(23°/23 1 ) <g> 6^ £* 6^ , (2.6) 

(23-723 ) ® ©^ 9^6^/6^ , (2.7) 

Turning now to the dual picture, we set 

©-^:=6*, G-^ :=ker^ A : C ^ ©* , 6"^ := ker£/ : 23* <- 6* , 

so that, using the Clifford identity (|2.2[) . we obtain the inclusion 

g-^ c e -2 ? 2 c g-f . 



2 The use of factor 6 2 on the LHS of 112.51 1 balances the 'degrees' on each side of 1 12. 51 1. i.e. — 1 + 25 = m 2 . 



Dual to (J23J), (EH) and JUT}, we have 

53° ^©t g, (©-t/©-^) ? (2.8) 

^"/QJ 1 S ©tt (g, ('©-f Z©- 1 ^") , (2.9) 

qj 1 ^ ©^ ® (er 2 ^ /©~^) , (2.10) 

which can be expressed concretely as follows. 

Lemma 2.6 Lef V a be a non-zero vector in 23. Then 

• V" is an element o/2J° «/ and only ifV a = £ a v A for some non-zero va S © _ ^/© ~ ; 

• V a is an element o/QJ 1 i/ and only ifV a = £, a v A for some non-zero va € © 5_ /© 5_ ■ 
Proposition 2.7 ^4 spinor £ is pwre «/ and onZy if ii satisfies 

C C L D = -Z C Z D ■ (2.ii) 

The factor of — 1 can be determined using Lemma 12.21 and Proposition 12. 8[ which is the more familiar 
algebraic characterisation of pure spinors due to Cartan |Car81j . 

Proposition 2.8 (Cartan Car8lj) A non-zero spinor £ is pure if and only if it satisfies 

l ai ...a p AB^ A ^ B =0, for all p<m, m-p = 0,3 (mod 4), 

l ai ...a m AB$ S TV- 

We shall refer to both equations ([2.11J1 and (|2.12p as the purity conditions of a spinor £ A . These are vacuous 
when m < 2, i.e. all spinors are pure when m < 2. 

The only non- vanishing irreducible components of the tensor product £ £ s is thus the m-form 

i ( A c B 

< ra 1 ...a m ■ 7ai...a m ABS S > 

which can be seen to annihilate 23°. It is simple (or decomposable) in the sense that 

K...a m = O ■ • ■ L m Am e Al ... Am e a" 1 ^ 1 , 

/ m-2 m-4 \ 

for some £ Al Am € A m ( © ~ /© — J . Its Hodge dual annihilates 2J and takes the form 

N) 01 ... am+l =C / 1 -C m+1 Am+1 ^...A m+1 6 A m+1 2J°, 
for some e y4l ... j4m+1 € A m+1 (©"^/©"^V 

Splitting For clarity, we can choose a spinor t\a dual to £ , i.e. ry^ belongs to ©~tt , but not to ©""^t - , and 
satisfying £ r\A = — §■ This distinguishes a one-dimensional subspace (77^4) =: ©_ m. C 6 - ^ complementary 

to © ~ . One associates to t\a the map r\ aA := r]Bl a A B • ^ "~ ^ ©*■ Now, it is straightforward to see that 
the map 

^:=^r B +^e S :©^6 (2-13) 



is idempotent, has trace T A = m, and is degenerate on S™, i.e. ^Ijf = 0. Thus, 1% is the identity 
element on 6 m -2 , the complement of &~ in &^~ . In fact, tja is pure with associated 7-plane QJ_i dual 
to 2Ji :~ 9J 1 . We can then write 

QJ = QJ_i © 2T © ©1 , (2.14) 

where 

6 m -2 := {imr) aA : 2J -)■ 6*} n {ker£ A : C <- ©*} , 2J_ X := kerr/% : 9J ->• 6 . 

For future use, we set 

u a :=2e A VA, (2.15) 

which can be seen to square to —1 and satisfies u a £ a A — £ A and u a rj aA = i]a- The metric tensor g a t together 
with a choice of u a determines a symmetric bilinear form 

Kb = 9ab + u a u b > (2-16) 

on 2J : i- e - h a bU a — 0, and h a c h c b — h a b , and /i a a = n — 1. 

Intersection of 7-planes 

Proposition 2.9 ^4ny spinor (3 in &~ ~ is a pure spinor. Further, if (3 is not in ©"2", the respective 
j-planes defined by j3 and £ intersect in a totally null (to — l)-plane. This is algebraically equivalent to 
j3 A and £ A satisfying 

paA^B = pA^B _ ^ApB = _^B) + ^[A^B] ^ 

or equivalently, 

l ai ...a v A B P A i B = , forallp<m- 2, 

Further, the j-planes of two distinct projective spinor s (3 and p in &~ ~ not in &^ intersect in a 
totally null (to — 2) -plane. This is algebraically equivalent to (3 and p satisfying 

P a{A Pa B) = -P {A P B) 
or equivalently, 

"fa 1 ...a p AB(3 A p B =0, for all p < m - 3, 

l ai ...a m ^ABl3 A p B ^0. 

Remark 2.10 We omit the proof of the above proposition, which was essentially given by Cartan [Car81] , 
The second part of the proposition is a restatement of a standard result that the sum of two pure spinors is 
again pure if and only if their corresponding 7-planes intersect in an (m — 2)-planes. 



2.3 Spinorial description of the Lie algebra so(2m + 1, C) 

Filtration We can extend the above calculus in the classification of the Lie algebra g = so(2m + 1, C), or 
equivalently to the space of 2-forms A 2 2J. For <fi ab £ g, define 

0n_ 2 (^):=r [ V B <^ cl , 'n.!^)^^^. n o (<£):=c [A <^ SI , B ^(<P) :=e^«6. 

and set 

fl < :={^ o6 efl:«IIi_i(0)=O}. 

turns g into a filtered Lie algebra, i.e. there is a filtration 

{0} =: g 3 c 2 C g 1 C ° C g" 1 C g~ 2 := g . 
on g, with which the Lie bracket on g is compatible. 

Proposition 2.11 The Lie subalgebra g° is the stabilizer of £ , i.e. 

Proof. We only need to show 4> a b£ aA £ bB = if and only if </> a ; ) £ a& ' yl £ B ' = 0. To see this, we use the identities 

<p ab e A e B i c A c i cB D = -<t> ab (z aC e D + 4e* c s"i) , (2.17) 

<t>a b Z abA l C A C L D = ~K b {$ abC S D + ^ aC e°) • (2-18) 

The first of these gives =>■ immediately, while the second gives <= by rewriting the LHS as 4> ab £, abA — 4>^ A 
for some (f>. □ 

Associated graded vector space We shall refine the filtration {g 1 } on g in the moment. For this purpose, 
we define 

U A ■= i B l abB A ■■ A 2 23 -4 6 , 6^ := \mU A : A 2 23 ^ 6 . 

We note that one must have 

gf c e 2 ^ c e^ . 

The first inclusion has already been shown, while the second one can be proved along the same line: we 
have = ^^rJA = ^a B l b B Ar lA + 9 ab ^ Ar lA- Now, contracting the above equation with any V a £ 2T 1 and 
W b £ 23 _1 such that V a W a ^ 0, yields = V a W a £ A r] A ,, and contracting the above equation with any 
non-null V a £ 93° gives the inclusion. It is not too difficult to show 

(fl _2 /fl _1 ) ® 6 ? = ©^/e^ , (g _1 /fl°) ® <5 f = e 1 ^/©^ • 

and dually, 

g 2 = e^ ® (e-^/e - ^) , g- 1 * ©^ ® (s-^/e -2 ^) , 

where S^V- := ker£ a6 A : A 2 Q3 «- 6*. 

The map B IIo(</>) is not saturated with symmetries, and can be split further in terms of 

g n«(0) : = e hA 4> ab , xw-) : = e [A 4> ab t B] + ^r^^WV 1 . 

It follows that g°/g 1 — flo © flo where we have defined the vector subspaces 

g° o :={t ab £g Q : B Tl 1 o (<b)=0}/Q 1 1 g£ := {^ ab £ g° : »TS°{<f>) = 0} /g 1 . (2.19) 

For later use, we set g? := g l /g l+1 for z = ±1, ±2. 



Splitting The splitting (J2.14I) extends to tensor products of 03 and 23* , and in particular, the Lie algebra 
g admits the structure of |2|-graded Lie algebra 

= 0-2© 0-1 © 00 © 01 © 02 , [&i, 0j] C Qi+j , 

for all i,j, where g^ c 0* is complementary to g l_1 in g l , and we can make the identification 

g_ 2 ^A 2 23_i, fl _i 2 Q3 ® 9J_! , 0o =23-i®23i, 0i = 23o <8> 8?i , 02 = A 2 23i . 

Using £ , r\A and it° defined by (|2.15[) , one can give a spinorial decomposition of any element <f> a b of as 

<Pab = L A £,b B <pAB ~ 2 (,[a Au b]<pA + 2£ [o ^feJB^ ~ 2 V[a A u b]4> A + VaAVbB^ 

£ 02 ©01 ©00 ©0-1 ©0-2, 

where cf) AB — 4 > \ab]^ < t )AB = 4> ■> 4*a E '' ■> &A and <j) A are all elements of & m-2 and & m-2 , and tensor 
products thereof. 

The Lie subalgebra 0o is isomorphic to gl(m, C), and thus splits futher as 0o = 3o © slo where 30 is the 
center go and slo = sl(m, C) is the semisimple part of go. The center is spanned by the grading element 

E ab ■= - 2 ^[a A Vb]A = - 2 L A VbA + 9ab , 

and from the identity £ aA E a b — 2£, A £, bB ri B + £, bB , one can easily deduce that E a b has eigenvalues i on QJj. 
Its image in the Clifford algebra is given by E A B :— — \E ab ^ ab A B , and a straightforward computation yields 
E B A ^ B = ?r£ , and similarly for the dual action. 
For consistency with reference |TC12bj , we set 

"ah ■= E ab . (2.20) 

Then an element of go can be expressed as 

4>ab =<P^ab+ 2 ([a A Vb]B $ ^ 

for some complex (f> and tracefree 4> A B ', i.e. 4> A B I B — where I A is the identity element defined by (|2.13p . 
The above decomposition thus gives us an explicit way of describind the vector spaces (in fact p-modules) 
q? defined in f|2. 19[) and after. To be precise, we have isomorphisms 

„o r^ "0 . „o ~ "0 . „o n* *o . „1 ~ "1 . _r 

0±2 =0±2 -=0±2, 0±1 = 0±1 -=0±1, 0O=0O'=3O, 0O=0O-= sl O- 

between p-modules and 0o-modules. 

The additional information needed to describe g in terms of irreducible p-modules comes from the (non- 
trivial) action of the nilpotent part of p, or more simply gi on the go-modules fff. This orbit of p on g can 
be encoded by means of the directed graph (a 'Penrose diagram') 



n o . n o n o n o 

02 ^ 01 0-1 ^ 0-2 

where an arrow from gf to gfLi simply means that gi • 0^ C fl*_i, or dually that 

ker 8 n Ckersn^!, j = 0, 1 . (2.21) 

This is of course a rather trivial example, but such Penrose diagrams will be generalised to more complicated 
g- modules in sections [3] and 0] 



Parabolic Lie subgroups We can translate the description of the Lie algebra g and its parabolic Lie 
subalgebra p to the Lie group level. We shall take G to be the complex special orthogonal group SO (2m + 
1 , C) . Then the parabolic Lie subgroup P of G stabilising the pure spinor £ can simply be obtained by 
exponientiating p. In particular, it admits a Levy decomposition P — Go X P+ where Go is isomorphic to the 
complex general linear group GL(m, C) and P + is the abelian Lie group generated by 0i ©02- The spinor 
calculus developed here is then manifestly P- invariant. 

Denote the null (or isotropic) Grassmanian Gr m (93, g) of 7-planes in 93. By definition, Gr m (93, g) can 
also be described as the space of projective pure spinors of (93, g), i.e. a compact complex subvariety of P@ 
defined by the purity conditions (|2.12j) . Since the action of SO(2m + 1,C) is transitive on Gr m (93, g) and 
P stabilises a point in Gr m (93, g), the space of projective pure spinors of (93, g) is simply the \m{m + 1)- 
dimensional homogeneous space G/P. When m — 1,2, this space is isomorphic to the complex projective 
space CF? m{m+1) . See [FH9J1IHS95] for more details. 

Remark 2.12 By Proposition (J2.9I) . each (non-projective) pure spinor defines an (m + l)-dimensional vector 
subspace of non-projective spinors. Therefore, to each point in Gr m (93,g) corresponds an m-dimensional 
complex projective space CP m in Gr m (93, g). This is trivial when m = 1, and when m = 2, this is simply 
the hyperplane dual to a point in CP 3 . 

2.4 Generalisation to so(2m + 1, C)-modules 

The filtration (|2.4[) of p-modules defined by the projective pure spinor [£ A ] induces a filtration 

{0} = W +1 c W C W~ x c . . . C 9T P+1 c 9\- p = 9\ 
of p-modules on 9^ := (££) p 93 for any p > 0, where 

W := Y^ 23 n ® ■ ■ • ® 23 ip • 

ii + ...+i p =j 

We can then say that £ A is a k-fold principal spinor of a tensor T G 9\, if T lies in *K~ p+fc , but not in 
fjcj-p+fe+i However, as in the even-dimensional, it is best to replace the concept of principal spinors with 
that of P-invariant filtrations on g-modules. 

The filtration on the spinor module © can be described as follows. Given a (projective) pure spinor £ , 
we can define the maps 

L 1 ...a k A --=Z B Ja 1 ...a 2k + 1 B A --A k W^&. 

By Hodge duality, it is enough to consider values of k ranging from to m, with the understanding that 
£ A : A°93 = C — > &. An argument identical to the discussion so far then tells us that £ A induces filtration 

6^ c 6^ c . . . c ©~^ c &~^ = & , 

on & = ©*, where we have defined 

©^ := im£ ai ... a / : A fc 93 -► 6 , 6~^ = kerC,.. a / : A fe 93* <- &* . 

Further, we can choose subspaces &t C & such that & = &i © & +1 such that 

e = &™ ©6™- 2 ffi...©6_ m -2 ©6_- . 
2 2 2 2 

The grading element E ab in 30 and the spanning element u a of 93o have eigenvalues m ~ 2k and (— l) k re- 
specively on 6 m -ik . 
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Remark 2.13 In the form description of the spinor representation (5, we can make the identification 

6 m-2i = A m -'<It. 

2 

The generalisation of isomorphisms (|2.10[) and are given by 



a^qj 1 ^e ! 



(m-2k , m— 2k— 2 \ 
& — — /& = — j ) k = Q,...,m-l, 



2.5 Real pure spinors 

As in even dimensions, the above calculus applies equally in the case where (23, g) is a real vector space 
equipped with a non-degenerate bilinear form of signature (to, to -I- 1) or (to + 1, m), and our choice of pure 
spinor is real, so that its associated 7-plane is a real totally null subspace of 23. The description of its 
stabiliser p as a real parabolic Lie subalgebra of so (to, to), and similarly for its Lie group P as a subgroup 
of the connected identity component of SO(m, m). 

If the bilinear form g ab is now taken to be positive definite, one obtains an SO(2m + Incompatible CR 
structure, which is none other than an odd-dimensional analogue of a Hermitian structure. 

If the bilinear form g ab is of Lorentzian signature, i.e. (1, 2to) or (2to, 1), the resulting geometry is that 
of a Robinson structure NT02.Tra02 - this is treated in more details in jTCj . 



o /\igeoraic ciassmcation 01 curvature tensors 

We now apply the ideas developed in the previous section to the classifications of the spaces 5, 21 and € of 
tracefree symmetric 2-tensors, of tensors with Cotton- York symmetries and of tensors with Weyl symmetries 
resnectivelv. i.e. 



21 



= {A abc g ® d 23 : A abc = A a[bc] , A [abc] = , A a ac = 0} , 

= {$ afc e ® 2 2T : $ afc = $ (a6) , $ c c = 0} , 

= {Cabcd € <8> 93 : C a b ct 2 = C[ ab ][ c d] , C[ abc ] d — , C a bad = 0} . 



From a representation theoretic viewpoint, the p-invariant decomposition of tensors follows the sam e algo- 
rithm as in the even-dimensional case. This is explained in details in |TC12bj - see also CS09bj . One 



can also describe these irreducibles explictly in terms of kernels of certain maps projecting into them|2| but 
compared to the even-dimensional case, these maps are somewhat a little more 'baroque'. 

3.1 Classification of the tracefree Ricci tensor 

Proposition 3.1 The space 5" of tracefree symmetric 2-tensors admits a filtration 

{0} =: S 3 C^CS'C^C iT 1 C 3- 2 := J, 

of p -modules. 

The associated graded p-module gr($) = ® i= _ 2 g r i(30; where gr^) :— &'/'& l+ splits into a direct sum 
of irreducible p-modules 

gr ±2 (S) = Z° ±2 , gr ±1 ($) = dli , gr (5) = $° ®$l , 

where the 3| are given in Table of appendix [3 Further, 



3 These are denoted 5 ITj, 21 n^ and C ITJ below. 
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where the maps ^IIq are defined inVA[ 

Finally, the p-orbit structure of this decomposition can be expressed by means of the graph 



& 



■3? 



So 



Z°o 



$°-i 



Z°-2 



where an arrow from ft? to 3i_i for some i,j,k implies that $? C 0i • Si-i for any choice of irreducible 
00 -modules fij and ^_ 1 isomorphic to fij and $^_ 1 respectively. 

3.2 Classification of the Cotton- York tensor 

Proposition 3.2 The space 21 of tensors with Cotton-York symmetries admits a filtration 

{0} =: 2l 4 c 2l 3 c 2l 2 c 21 1 C 21° c 2T 1 C 2T 2 C 2T 3 := 21 , 

o/p -modules. 

XTie associated graded p-module gr(2l) = © i= _ 3 gr i (2l), where gi\j(2l) := 2l J /2t l+1 splits into a direct sum 
of irreducible p -modules 



gr ±3 (2l)=2t ±3 , 

gr ±1 (2l) = &° ±1 8 21^ © 21^ © 21^ , 



gr ±2 (2l)=2t° ±2 ®2^ 2 , 
gr (2l)=2l0©2tj©2l 2 : 



where the 21^ are given in Table R] of appendix Further, 

%{ = {A abc e 2T : % n*(A) = 0/or fl H k ± j}/2l i+1 , 

/or \i\ < 2, where the maps e II^ are defined in avvendixY^ 

Finally, the p-orbit structure of this decomposition can be expressed by means of the graph 




*-2lii 



^-2lL 




^2l° 1 ffi2lL 1 ffi2l 2 _ 1 



with the proviso that when m = 2, 21^ does not occur. Here an arrow from 21^ to 21*^ for some i,j,k 

implies that 2lf C 0i ■ 2lk_i /or any choice of irreducible go-modules 2l| anrf ^i-i isomorphic to 21^ and 2l*Li 
respectively. 

3.3 Classification of the Weyl tensor 

Proposition 3.3 The space £ of tensors with Weyl symmetries admits a filtration 

{0} =: £ 5 C £ 4 C £ 3 C £ 2 C C 1 C £° C CT 1 C UT 2 C CT 3 C CT 4 := £ , 

of p -modules £'. 
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The associated graded p-module gr(£) = @ i= _ 4 gr^C), where gr^C) := C/£ l+1 sp/its info a direct sum 



of irreducible p-modules 



gr ±3 (£) = £° ±3 , gr ±2 (G:) = £° ±2 

gr ±1 (C) = 4j © 4i © 4i . g r o(C) = £° © £q © Co © £o © ^o ■ 

where the <£| are given in Table [5| of appendix [3 Further, 

<4 = {C„6cd G <T : £ nf (C) = Ofor all k ? j}/€ +1 . 

for \i\ < 3, where the maps ^Hj are defined in appendix L"4l 

Finally, the p-orbit structure of this decomposition can be expressed by means of the graph 



-±2 



£ 2 



±2 I 



£° *<£° 




e.1 — >- cL a 




«CLl £L 2 >■ ^-3 ^ £ -< 




e° x — *- £' 



with the proviso that when m = 2, the modules €.\ 2 ' ^±i> ^o ^° no ^ occur J an d the isotopic modules £j and 
£q degenerate to the same module, and when m = 3, the module £g does not occur. Here, an arrow from 
<L\ to <£*_i /or some i,j, fc implies that <£j C fli • <£fli /or <™y choice of irreducible go-modules £\ and (tfli 
isomorphic to £\ and CfLi respectively. 

4 The p-invariant classification of 57 <g) (g/p) 

We can apply the above recipe starting from the p-module 2B := QJ<gig/p. Again, we assume m > 2, leaving 
the case m = 2 to appendix [Bj The p-invariant nitrations on 23 and g induces a p-invariant filtration on 2U 



<m° cam 1 c2»- 2 cmr 3 , 



where 



21T 



-3 



= or 1 ® ( fl - 2 /fl°) 



2H- 2 := (23- 1 g. ((TVfl )) © («° © (rVfl )) , 



2B- 1 := (03° © (fl-Vfl )) © OS 1 © (fl- 2 /fl°)) , 



2B U 



2? 1 © (fl~7fl°) 



We can express an element of 2B as T abc £, £ or T abc ^ bcB (mod a a £ ). To assist the analysis, it is 
convenient to work in the splitting (|2.14[) . and use the spinors £ and r\A satisfying £ t\a — ~h> and 
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u a = 2 t; aA r]A as in section O We then have 

K bc e B t cC = L a ?a bc - u a v BC + VaA r ABC + 2L A r A . [B t c] - 2u a r^s c] + 2 VaA r A n c] , 
r abc e cD - (L a ?a ec ~ uS EC + v aA r AEC ) v cC i c E D - 2 (L A r A D - u a T D + VaA r A - D ) 

+ 2(L A r AB B -u a v B B +^rV)f , 
7 a D A r abc e cD = 4r c c c A + 4T C CA 2r- 4 + v aB i a c A (r BC - r B:C + v c - B ) + v bB v cC r DBC i bc D A 

- 2T B B Z A + 2T A B B , 

(4.1) 

where V A BC = T A [BC \ T ABC = T A ^ BC \ T AB C , T A B C , T A , T A B , T A B , T A - B , T AB = T^l are all elements 

of 6 m-2 and & m-g and tensor products thereof. 

2 2 

Remark 4.1 The colon : in T^. 5 and T A ' B does noi denote any differential operation, but is simply a 
marker separating the '1-form' index from the 'Lie algebra' indices. 

The module 2XJ decomposes as a direct sum of go-modules 227^ , each of which determined by the compo- 
nents 



T [ A BC] g jqjO 3 ) T ( A B)C £ ^1_ 3 ^ 




r AB e 2U° a , r^ e 2Bi 2 , 


r (A:B) G £j2 2 ( 


r B BA e sqj° J , r A BC 2 x J^'r^ 23 ' 01 e 2B 1 x , 


r A e smii , 


m 




To make the analysis invariant, we define 




w n%(T)-.= r abc e [A e B C c e ] , 





""ni.cr) : = r a6c e^r B1 e 6[ ^ D1 r [£ c F1 +r abc $ lc t aD] e lA s B k c[E e ] , 

ra ni 2 (r):=r a6c r [ V cS £ cl , 

ra n 2 _ 2 (r) := r abc e A C B] e lc ek cE + r ab A lc C D k b[A ek cE , 

-n J ' \ 7 ° c Wr ak ^ |B i - e^r ak r] + ^ev^ c - --2, 
""n^CT) : = r a6c £n cC £ D1 - ^T) (7^ [B| r rffcc ^ c ^ |c - e d[s r dfcc ^ c ) ^ , 
^(r):=r afcc cY c[s £ CI , 

■U-OlU : =7 C i a b d ? ~? 'ate? 

fflnVn ._ r £ 6c [-B*C] 4. J_ (J- I s lr £ bCj V 1°! _M B lr P hcA ^ |CI 

where r abc € 23 (g) g. We have been careful to distinguish the cases to > 2 and to = 2. In the latter case, we 
have made use of the Spin(5,C)-invariant skewsymmetric bilinear forms e AB and e . 

Proposition 4.2 TTie associated graded p-module gr(2U) of W decomposes into a direct sum 

gr_ 3 (an) = w°_ 3 e 2»L 3 , gr _ 2 («») = w°_ 2 © 2ui 2 © w 2 _ 2 , 

gr.^sm)^^!©^!©^!, 2n° s w° © 2nJ , 
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of irreducible p -modules, where the W\ are given in Table [6] of avvendixWi Further, 

Wj = {TeW 1 : w IV k ;{T) = {) Jor all k ^ j) /W +l , t = -3,-2,-1,0. 

Finally, the p-orbit structure of this decomposition can be expressed by means of the graph 

W 2 _ x ^W 2 _ 2 




with the proviso that W^l 1 and the dotted arrow only occur when m > 2. Here, an arrow from Wj to 2Bj_i 
for some i, j, k implies that Wj C gi ■W k _ 1 for any choice of irreducible Qo-modules 20^ and W^_ 1 isomorphic 
to Wj and 2Uf_i respectively. 

5 Differential geometry of pure spinor fields 

Throughout, (M.,g) will denote an n-dimensional complex Riemannian manifold, where n — 2m + 1, i.e. a 
complex manifold equipped with a holomorphic non-degenerate symmetric bilinear form g ab . The holomor- 
phic tangent and cotangent bundles will be denoted by TA4 and T*yVf respectively. Thus, g ab is a holomor- 
phic section of 2 T* M.. The structure group of the frame bundle TM. of M. is reduced to SO(2to + 1, C). 
The complex Riemannian manifold (Ai,g) admits a unique torsion-free connection preserving g ab , the 
holomorphic Levi-Civita connection, which, together with its associated covariant derivative, will be denoted 
V a . For convenience, we can choose an orthonormal frame {<5°} with dual {5*}, where bold lower case 
Roman indices run from 1 to n. The connection V a can then be represented by the g-valued 1-form r ab c := 
{S^\7 a S^)8 b . Choosing a connnection d a compatible with g ab , {8^} and {8*}, the connections V a and d a are 
then related via 



V V" = d V b + T b V c 



(5.1) 



for any holomorphic vector field V a , and where T ab c := 8*5^^5%. The Riemann curvature R abcd of V a is 
defined by 

^ [a V b] V c = R ab fV d , 

for any holomorphic vector field V a , and similarly for holomorphic sections of T*.M, and tensor products. 
The Riemann tensor splits into irreducible SO(2rn + 1, C)-invariant parts, 



Jx abcd ^abed 



n-2 



.$ 



a\[c9d}\b] 



n[n — 1) 



J\^9 a [c9d]b 



(5.2) 
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where C abcd is the Weyl tensor, 3> afe is the tracefree part of the Ricci tensor R ab := R acb c , and R := R a a is 
the Ricci scalar. 

We shall assume that (M, g) is equipped with a spin structure - see [LJV189] for definitions and topological 
restrictions. The spinor bundle on M. admits a canonical connection as a lift of the Levi-Civita connection, 
and for this reason, this spinor connection will also be denoted V a . It preserves the Clifford module of the 
spinor bundle in the sense that 

v a (v\ c ^ c ) = (v a v b ) lbC A f + V» lbC A V a f , 

for any holomorphic vector field V a and holomorphic spinor field £ , and similarly for dual spinor fields. 
The relation between the lifts of d a introduced in (|5.ip and V a to the spinor bundle is given by 

V a H A = d a i A --T abcl bc B A e- (5.3) 

Similarly, the curvature tensor of the spinor bundle can be expressed as a lift of the Riemann curvature 
tensor, i.e. 

^ [a v b] e = -\R abcd i cd B A e- 

for any holomorphic spinor field £ , and similarly for dual spinor fields. 

5.1 Projective pure spinor fields 

A spinor field £ is said to be pure if at every point p 6 *Xt, £ defines a totally null m-dimensional vector 
subspace 

JV P := {X a 6 T p M : X a C A = 0} , 

of T p A4. Here, t; aA := S, B, y a B A as before. Thus, a pure spinor field defines a 7-plane distribution, and 
conversely, any such distribution determines a pure spinor field up to scale. This motivates the following 
definition, which, it is worth pointing out, does not require the existence of a spin structure on M.. 

Definition 5.1 The projective pure spinor bundle Gr m (T.M,<7) is the bundle over M. whose fiber over a 
point p of M. is isomorphic to the \m(m + I)-dimensional family Gr m (T p Ai,g) of 7-planes in T p M. 

From now on, we assume the existence of a holomorphic pure spinor field £ on Ai, i.e. a (global) 
holomorphic section of Gr m (Ai, g), with associated holomorphic distribution TV. This reduces the structure 
group of the frame bundle to P, the p arabolic Lie subgroup of G stabilising [£ ], as described in section 
[2J It is a standard result, e.g. [Sal89|ICS09b that one can construct holomorphic vector bundles from 



the representation of P or its Lie algebra p. Thus, if £ is the irreducible G-module of tensors with Weyl 
symmetries, its associated vector bundle C := TM. X(j£ admits a filtration of P-invariant subbundles C % := 
TA4 Xp£', and similarly, to the associated graded p-modules gr(£), go-modules £i, and their irreducibles 
correspond associated graded vector bundles, and so on. 

Remark 5.2 For convenience, we can choose a spinor field tja dual to t; A as described in section [5J and let 
{<5 aA } and {5%} be bases of holomorphic vector fields annihilating !; A and t]a respectively, and dual to each 
other, i.e. S%8^ = S^. Here, bold upper cases Roman indices run from I to m. Defining u a := 2£ a rj A , 
together with a null frame {5%^, 5 aA , u a } , then the tensors Y ABC , T A ' B , etc... appearing in (|4.1[) can be 
thought of as the abstract versions of the components r ABC = (5 aA V a 6 bB ) 5^, L A B = (<5a V a^ B ) u &> and 
so on, of the connection 1-form T ab c . 

Now, choosing our connection d a to preserve £ A and tja, the covariant derivative (|5.3p .of £ A reduces to 

v a£ = -^ abc E, 7 A . 
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Remark 5.3 This section applies equally to a (2m + l)-dimensional smooth manifold equipped with a 
smooth metric of split signature. In this case, the projective pure spinor field [£ ] is assumed to be real in 
the sense that its associated null m-plane distribution is real. 

5.1.1 The intrinsic torsion of a projective pure spinor field 

The intrinsic torsion [Sal89] of the projective pure spinor field [£ ] measures the failure of [£ ] to be parallel 
with respect to the Levi-Civita connection, i.e. 

V a K A ]=0, i.e. V a £ A = a„^, (5.4) 

for some 1-form a a , or equivalently, the failure of the connection 1-form taking values in p. Since V a takes 
values in g, this measure is precisely obtained by consideration of the module 2U = QJ <E) (fl/p), which we 
defined in section |4j The tensor of interest will be given by 

T abc£ bB C C £ 2T 1 ® A 2 &- E ^ 1 * 2U . 

We shall then be able to apply Proposition 14.21 and the maps w Hl describing the various irreducibles p- 
modules of 2U to characterise the intrinsic torsion of [£ ]. Before that, in order to give covariant expressions 
for these, we compute, from (|5.3p and (J2.18I) . the formula 

(v/)4 c = -(v/)( c + r al rf c 

from which we deduce 

(v a £ 6(s ) 4 C) = - (v Q £ (s ) e c) , (v a e 6[B ) ^ cl = - (v a £ [B ) e C] + r abc e B c c , 

(v a e 6[B ) s b c e ] = r abc e [B c c e ] , (v B ^) z B k b [C e ] = r abc e [A e ] s c[c e 

The first of these identities is trivially satisfied by virtue of the purity condition. 

Proposition 5.4 Pointwise, the intrinsic torsion of [£ ] projects trivially into 
• 2U°_3 if and only if 

r A a[A vj bB ){ b c e ] = o; (5.5) 



cD] 



• 2UL3 if and only if 

• 0U° 2 and 2ir 3 /2n~ 2 */ a™d on^y if 

(t aA V a ^ B )t; b c e ] =0; (5.7) 

• 2Bl 2 and W- 3 /W-' 2 if and only if 

(r [A v a e B )e c] = o ; (5.8) 

• 2U_ 2 an d 2Ui!_3 if and on/j/ if 

£[ A ( r ^l v a 4 £ ) e &[C ^ ] + e [C (r D1 V Q 4 £ ) e b[ ^ S1 = ; (5.9) 
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• aUii, 2U° 2 , W x _ 2 and 2»- 3 /2ff -2 if and only if 

(v a e [A )( B] ~(C lA V a ^)=0; (5.10) 

• 2UL l7 2B° 2 , 2BL 2 <md 2B _3 /2ir 2 i/ and only if 

(v a e lB ) t b C t D] + ^_ ((V b ^) C C -e" [B V 6 ^) £^ =0; (5.11) 

• 23J2 i mrf W- 2 /^- 1 if and only if 

(r A v Q e [s )e c] = o; (5.12) 

• 2Ug, 2U^ 1; 2U 2 .! and SHr 3 /^ 1 i/ anrf only if 

(V Q r A )e S -r A V Q C B =0; (5.13) 

• 22JJ and 2»- 3 /23r z/ and only if 

(V a £ [S ) ^ - £ ((V 6 e b[s ) C C] - e 6[B V 6 C C1 ) = . (5.14) 

Further, when m — 2, the intrinsic torsion of [£ ] projects trivially into 2U°_ 1; W°_ 2 j an d 2B~ 3 /2B~ 2 {j an d 
only if 

(v a r [A ) e ] e [A v a e ] + \e AB e c v a f = o , (5.15) 

where e = e^ 5 ! is t/ie spin invariant bilinear form on &* . 

5.1.2 Geometric properties 

We come to one of the main motivations of this article, finding differential conditions on [£ A ] to describe the 
integrability properties of its associated 7-plane distribution J\f. Denote by J\f the orthogonal complement 

of A/". 

Proposition 5.5 Let [£ ] oe a projective pure spinor field with associated j-plane distribution Af as before. 
Then 

• [r(A0,r(A0] C r(AA- L ), i.e. if and only if 

e A (e B] ^ a e lC )^ E] =0; (5.16) 

• [r(A0,r(A0] C r(A0 if and only if 

(C [A V Q £ fl )e c] =0; (ESD 

• [r(A/'- L ),r(AA- L )] C T(A/'- L ) J/ and onfy if 

(r [A v a e 6fl i)e 6 [c e D] = o. (5.17) 
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• [r(A0,r(7V)] C r(A/") and [r(7V- L ),r(A/'- L )] C r^- 1 ) i/anrf on/?/ if 

(t aA V a ^ B ) t b c t D] = ; ^ (r S1 V a e [c ) C D1 = ; (5.18) 

• [r(A^- L ),r(A/'- L )] c r(A0 */a^ onfy if 

(r A v Q e [s ) e cl = . dEnD 

Remark 5.6 Conditions (J5.16I) and (|5.18[) are equivalent to the intrinsic torsion of the P-structure lying in 
the module 2IT~ 2 and 2U _1 respectively. Further, condition (J5.17I) implies that the intrinsic torsion belongs 
to the module 2U -2 and that it projects trivially into 2U 2 _ 2 - 

Proof. One can apply the Frobenius theorem on vector fields of the form V a = £ v A , where v A lies in 
&~^ /& 5— or & J—/© 5— ; and, with reference to (|4.ip . we note that each of the above conditions is 
equivalent to 

. T ABC = 0, 

. T ABC _ T [A:B] _ q_ 

• T ABC = and T A:B = T AB , (in particular, T^ A:B ^ = 0), 

• y abc = Y AB = Y A ' B = 

9 YABC _ pAB _ y a - b = p- 4 = 
respectively. □ 

Definition 5.7 We say that £ A is 

• almost foliating if [r(7V), r(W)] C r(7V- L ); 

• y-foliating if [r(7V),r(A/')] C T(M); 

• ^-foliating if [r(A/'- L ), T(A/'- L )] C T(A/'- L ); 

• foliating if it is both 7-foliating and 7- L -foliating; 

• strongly foliating if [r(A/'- L ), T(A/'- L )] C T(Af). 

Conformal invariance With reference to appendix [Cj we prove 

Proposition 5.8 Conditions ([53]) . (J5T6)) . (|5"T|) . (jS~8l) . (px9]l. (f^TT]) and §T?$ , (and thus (ISTo) . (|5~T8]) ) 
are conformally invariant. Suppose further that £ satisfies (|5.11j) and 

v a r [A ) e sl - s a[A vj B] = (m - i)e [A e aS1 vj , 



/or some complex analytic function f. Then (M,g) is conformal to a complex Riemannian manifold admit- 
ting a parallel 7 -plane distribution, i.e. 

V o ^ B UV = 0. (5.19) 



Remark 5.9 The second part of the above proposition should be compared with its even-dimensional coun- 
terpart given in |TC12bj , which was argued to be a complex Riemannian analogue of Hermitian manifolds lo- 
cally conformal to Kahler [FFS94] , in the sense of 'conformal to a complex Riemmannian manifold admitting 
a recurrent pure spinor field'. Proposition 15. 81 shows that in odd dimensions, the appropriate generalisation 
is (|5~T9l) . not dSHJ). 
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Curvature conditions The integrability conditions for these equations can easily be computed by differ- 
entiation a second time and commuting the covariant derivatives. 

Proposition 5.10 Suppose that £ is foliating. Then 

e A z aB e c] z cD z dE c abcd =o. 

If £ is strongly foliating, then 

/■aA/-bB /-cC cdD r> n AA<-aB cbC] <-cD /-dE s~< C\ 

4 4 4 4 -Ka&cd = u, 4 1 4 K K 4 c a b C d = u, 

and 

4 [A 4 aB] *a b 4 b[c 4 D1 = o <=> 4 aA 4 6S 4 cC 4 dD C a6c(i = o . 

Proposition 5.11 Suppose that £ A satisfies 

(v Q 4 b[s )4 c 4 D1 =o, Eia 

i.e. i/ie distribution AT is parallel with respect to the Levi-Civita connection. Then 

t [A $ aB e C] Rabc<ie D = 0, (5-20) 

4 [A 4 aB 4 bC1 C afccrf 4 cdD = o. (5.21) 

Proof. We rewrite equation (J5.19I) as 

V a 4 A = P a A + Vat A , 

for some 1-form a a and 6 m-i -valued 1-form /3 a A such that 4' A £ aS '/3 a C ' — 0- Taking a second covariant 
derivative, commuting them, and using the identity (|2.18[) yield 

R abc d cc r = s (v [a/ y c ) e ] + s(3 [a [c (i b] D] + 8a [a/ y c ^ ■ 

from which we obtain (|5.20p . To obtain (|5.2ip . we use the decomposition of the Riemann tensor. □ 

Proposition 5.12 Suppose that 4 is recurrent. Then 

e A t bB Rabcd = 0, (5.22) 

ti aA t bB Rab = 0, (5.23) 

4 a V [S 4 C1 $ah = 0, (5.24) 

e A z bB e [C z D] c abC d = o- (5.25) 

and in addition, ifm>3, 

Further, njj($) = if and only if R — 0, and 

r = o ^> c n°(c) = o, 

*nJ($) = o «=► € nl(C) = o, 

*nJ($) = o,i? = o <=► € n° (c) = £ n l Q (c) = e nl(c) = o, 

5 n°($) = o «=*> c n°(c) = € u\(c) = o . 
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Proof. Taking a second covariant derivative of (J5.4I) , and commuting yield 

-^ R abcdC d = (V[ a ab])C > 

which is equivalent to equation (|5.22[) . Equations (|5.23[) and (|5.24[) are then obtained by contracting equation 
(|5.22|) with "f cd A B ', and using the expression relating R a b and $ a fc for which we find 

Finally, using the decomposition of the Riemann tensor yields equation (J5.25I) . and when m > 3, 

/o c bcB c dD ^\ n ~~ ^> cB MD fc % D dB 2{n — 2) B D 2 tdcD c B 

c abcd e B e c t dD = -^-,ee c ^ ad i dD] + -, — h—^ B ^ c ^ = -^ B ^m a CD , 

n—l n(n — l)[n — 2) n — 2 

which, on referring to the maps C II^, completes the proof. □ 

5.2 Spinorial differential equations 

5.2.1 Parallel pure spinor fields 

For reference, we recall the standard fact concerning parallel spinors - see for instance |BryOO| . 

Proposition 5.13 Let £ A be a parallel spinor field, i.e. V a £ = 0. Then 

R-abcdZ = ' 

R ab t, bB =p ab t bB = t> ab e B =o = R, 

c abcd C dD = o. 

The covariant derivative of a spinor field splits into two irreducible parts, which we shall presently turn 
our attention to. 

5.2.2 Simple pure zero-rest-mass fields 

The smaller irreducible part of the covariant derivative of a spinor field £ leads to (Weyl-)Dirac equation 

7% S V Q ^=0, (5.26) 

In contrast to the even-dimensional, this equation admits not one, but two generalisations to irreducible 
spinor fields of higher valence. 

Definition 5.14 Let (f) A ^ A ^— A >> = ( j ) {AiA 2 ...A k ) ^ a holomorphic irreducible spinor field in the sense that 

Then <f> Al — Ak is said to be a zero-rest-mass (zrm) field, respectively, co-zero-rest-mass (co-zrm) field if it 
satisfies 

7 V Al V Q A2 - Afc)s =0, (5.27) 
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respectively, 



1 a B lAl V a (f ) A ^ A3 - AkB =Q. (5.28) 



Remark 5.15 When k — 2, an irreducible spinor field as above is simply an m-form. Equation (J5.27I) . 
respectively, (J5.28I) are then equivalent to this m-form to be closed, respecitvely, co-closed, hence the use of 
terminology. 

Equations (|5.2T[) and (|5.28[) are conformally invariant provided that <fi Al --- Ak is of conformal weight 
_ n +k-i j n ^. ne f orrner cas6j a nd _ n+2k-i m ^ ne latter case. In particular, a solution of both (|5.27p and 
(15~m i.e. 

7 a B Al V a A2 - AfcS -O, (5.29) 

is not conformally invariant. This equation in the case k = 2 corresponds to a closed and co-closed m-form. 
The integrability condition on the existence of solutions of valence greater than two to equations (|5.27|) 
and (J5.28I) is given by the following lemma. 

Proposition 5.16 Assume k > 2. Let (f>AiA 2 ...A k be Q so i ut i on j ([572TJ) or (j5~2"g|) . Then 

l a Cl A l b c 2 B C abcd l cd D {C3 ^- Ck)ClC2D =0- (5.30) 

-(f i s a solution of (|5.29p . then we have in addition 

l h c 2 [A ^Ml d D C3 ^ Ci - Ck)C2Dm =0. (5.31) 

Proof. Equations (|5.27p . (|5.28[) and (J5.29I) can be rewritten as 

7° B Al ^ 'a^ A2 - AkB = ^ A *- A \ 

where ip( A i A 2--- A >*) — o, ip{ A ^ A ^\ A 3--- A h — 0, and ^pA 1 A 2 ...A k _ q respectively. Taking a second covariant 
derivative and commuting lead to 

(fc-2)7 a c/7 b c/Q &c ,7 C ^ (C3 C -- Cfc)ClC2l3 ~4(fc-2) 7 fo C2 ^lp M7 ' i I3 ( C3 ^---^) c ^l s ] 

= 2 7 y A v Q ?/> B ] c ' 3c ' 4 - CfcD . 

By the conformal invariance of (|5.27[) and (|5.28p . each term on the LHS must vanish identically, hence (|5.30p . 
When (|5.29p holds, conformal invariance is broken, and one has the additional constraint (j5.31[) . D 

A spinor field fy A \A 2 ...A k - 1S re f errecl to as a simple spinor field if it takes the form 

,A 1 A 2 ...A k _ e i)cAifA 2 tA k 

for some pure spinor field £ , and holomorphic function ip. The relation between simple solutions of the 
zrm-field equation and the existence of foliating spinors is known as the Robinson theorem [Rob6l] in four 
dimensions, and was later generalised to even dimensions in HM88J. Here, we give odd-dimensional versions 
of the theorem. 

Theorem 5.17 (Robinson theorem for zrm fields) Let£ A be a holomorphic pure spinor field, -0 a holo- 
morphic function. Suppose that (f> AlA2 ■■■ Ak = e^£ J £ 2 . . .£ * satisfies (I5.27p . Then locally 

(e [A v a e B] ) s b [C e ] ^ (e [A (c B] v a e c ) z b D + n lA (e B] v a e c ) z D ) = o . (5.32) 

In particular, when k — 2, t; A satisfies equation (|5.17p . i.e. Af 1 - is integrable. 

Suppose that £ satisfies (|5.17p . Then locally there exists a holomorphic function ip such that the spinor 
field cf> — e^£ t; B satisfies (|5.27p . There is the freedom of adding a holomorphic function constant along 
TV- 1 to ip. 
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Proof. For any (f>AiA 2 ...A k = e V^i^A 2 .. .^ we have 

7 V 1 v a </> A '- AkB = e^ (V 2 . . . ^ fc r Ai v a v + (fc - 1) (r Ai v Q e (A2 ) e 43 • ■ • e Afc) + (v Q e aj41 ) e A2 ■ • ■ z Ak 

(5.33) 
If ^Ai--- A k satisfies (|5.27|) . then we have 

= £(A 2 ^A 3 ^A^aA^y^ + (jfc _ 1) (f^V^ 2 ) £ A3 ■ • -C Afc) + (V a r (Al ) e 42 ^ 3 ■ • .^ fc) • (5.34) 

Tensoring with £ B £ C and skewing over A\B and A2C leads to 

e lA (r B1 V^ C )^+^ c (r D1 V Q ^)c B] =0, i.e. r^ :B ) = 0. 

To show that equation (J5.32I) also holds, we expand 

(k - 1) (c (Ai v a e A2 ) e 43 . . -t Ak) + (v a c {Ai ) z A 't A3 • ■ • z Ak) 

= ("~ (kT BC 2T B - C ) VaBl a c {M + ^ ^e 43 ...? 



lA k ) 



where ip A G 6™^2. Since the first term on the RHS lies in Sm=i, we must have kT BC = 2T B:C , i.e. ([532]) 
holds. When k = 2, (|532]) reduces to (|5~T7)) . 

The case fc = 2, we follow the geometrical proof given in |Eas95j . Suppose that Af ± is integrable. Then, 
locally, AA is fibered over the leaf space L of Af 1 - . Choose a holomorphic section <j> of the tautological line 
bundle A m T*£ of C. Then, <f> is clearly closed. Its pull-back to AA must be orthogonal to each leaf of the 
foliation, i.e. it must be of the form (f> AB = e^£ A £ B for some holomorphic function ij). Further is also 
closed, i.e. <f> satisfy (|5.27j) . □ 

Theorem 5.18 (Robinson theorem for co-zrm fields) Let £ A be a holomorphic pure spinor field, ifi a 
holomorphic function. Suppose that (j) A i A 2---A k _ e ip^A!^A 2 _ ^A k satisfies (|5,28[) , Then locally £ A satisfies 
), i.e. Af is integrable; further, when k > 2, one has in addition 

^ff B| V/)^=0. (5.35) 



Suppose that £ satisfies (|5.8|) . Then there exists a holomorphic function ij) such that the pure spinor 
field (j) AB =e^£ A } B satisfies ([538]) . Further, if £ A satisfies (f5T35]) . and 



e A C"C abcd C=Q, (5.36) 

then, for every k > 2, there exists a holomorphic function i/j such that the spinor field (f)AiA 2 ...A k _ 
e ip^Ai^A 2 _ _^A k satisfies (|5.28p . In &oi/i cases, there is the freedom of adding a holomorphic function con- 
stant along Af to if). 

Proof. The case k = 2 is similar to the proof of Theorem 15.171 

Now, for k > 2, if (f) Al --- A >> satisfies (|5.28p . then equation (|5.33|) becomes 

= £ A3 ...£ Afc £ [A2 £ aj4lI V a V'+ (c [Al ^ a ^ A2] ) £ As ■ ■■£ Ak 

+ {k-2) {i [M C Al] ^ a ^ M ) Z Ai ■ ■ -C Afc) + (v Q e a[Al ) C A2 k As ...£ Ak . (5.37) 

Then, tensoring with £ s and skewing over A\AiB yield (J5.8I) . When k > 2, one can also tensor with £ B and 
skew over A3B, and conclude (|5.35[) . 
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For the 'converse' when k > 2, condition (J5.35I) implies that 

f A Vi B - i A A B + £ A B B + CZ A t B + D A £ B , 

\7 a C A =E£ A +F A -B A + A B + C£ A + D A , [ ' ' 

for some functions C, _E, (S^ - -valued functions B A , D A , F A , and 6t~ -valued function A A . We want to 
show that there exists a holomorphic function %p such that (|5.37p holds, i.e. 

z lA e B] v a ^ = r [A v a £ s] + (v a e a[A ) c B] - 2(& - 2) e [A ^ B] 

= ^(2S B ]-^ B ]-F B 1) ^^V 1 - 
Differentiating the above equation along A/" yields the integrability condition 

^ A D B ^ = C^r^V.V' 01 ■ (5.40) 

We expand the RHS of (|5.40[) using the expression (|5.39[) for %\) A : 

£ A e B v a ^ = {k- 3 )r [A v Q (^) ~ (v a c [A ) i B D c ^ 

+ (r [A v a? s ) (v b e c] ) + (c [A v a ^) ^ + \t alA e B c abcd e dC] . 

Using the identity 

r [A v a (Vw) $ D - -e [A i? B (a c i + s c i) ^ + -z lA e B t bC] c abcd t; cdD 



together with ([OS]) . (|Q9"1) and (f06l) shows that (f5T40|) is indeed satisfied. □ 

Finally, we omit the proof of the following theorem, which follows roughly the one given in [HM88 . 

Theorem 5.19 (Non-conformally invariant Robinson theorem) Let £ A be a holomorphic pure spinor 
field, i/j a holomorphic function. Suppose that (j, A i A 2--- A k = e ^ £ Al t; A2 . . . £ Ak satisfies (|5.29p . Then £ A 
satisfies equation (jET^j) . i.e. [r(7V- L ),r(7V- L )] C T{Af). 

Suppose that £ satisfies (|5.12|) . There exists a holomorphic function ip such that <f) = e^£ t; B satisfies 
(|5.29[) . Suppose further that 

C A C B C abc d cdC = , C A e [B ^ ab f ] = . (5.41) 

Then, for every k > 2, there exists a hoolmorphic function ip such that (j) A ^ A ^— A ^ = e^£ x £ 2 . . . £ * satisfies 
(|5.29|) . In 6o£/i cases, £/iere is i/ie freedom of adding a holomorphic function constant along both J\f and JV 1 - 
to ip. 

5.2.3 Pure conformal Killing spinor 

Complementary to (|5.26p . one defines the twistor equation 

V a ^ + -7aB A C S =0, (5.42) 

n 

for any holomorphic spinor field £ A . Here, (J5.42I) determines £ s = 7°4' B V a £" 4 . A solution £ A will be refered 
to as conformal Killing spinor. The spinor field C, can be shown to satisfy 

V Q C B + fP a& 7Ve A =0, (5.43) 
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where P a6 is the Rho or Schouten tensor, which we have defined in appendix [Cj These equations are confor- 
mally invariant provided that £ and £ transform as 



A , , ?A _ o-l /a-4 , n nr ta^4 



The equivalence class of spinors transforming according to this rule can be thought of as a section (£ , (T" 4 ) 
of the local twistor bundle [PR86.BEG94 or spin tractor bundle [HSllj . and we shall refer to such a section 
as a twistor- spinor. These are spinors for the group Spin(2rn + 3, C). Tracing (|5.43j) yields 

V C aB = R£ B (5 44) 

v a <, 4 (n-l) ? l J 

The following proposition is well-known, see e.g. |BJ10j . 
Proposition 5.20 Let £ A be a conformal Killing spinor. Then 

C abcd C dE = , C abcd ( bcC - 2nA cab C E = , (5.45) 

where A abc is the Cotton- York tensor as defined in avvendixXCX 

We shall now assume that our conformal Killing spinor £ is pure. Then, generically, the spinor C, lies 

m— 4 

in the p-module (5^~~ . The geometric properties of the associated 7-planc distribution essentially depends 

m — 4 . 

on which submodule of 6^~~ the spinor £ belongs to. 

Proposition 5.21 Let £ be a pure conformal Killing spinor with ( B := 7 a j4 B V a £ ■ Then £ satisfies 

{[ a ( r ^i v Q 4 £ ) e b[c ^ ] + e [c (r D1 v a e 6 £ ) en sl = . m 

Further, £ is foliating if and only if C, is pure and the respective ^-planes distribution associated to £ and 
C, intersect in a totally null (m — l)-plane distribution, i.e. 

( aA £ a B = -tf A £ B ) + 3( [A £ B] = ( A £ B - 2£ A ( B ■ (5-46) 

Suppose £ that is foliating so that £ is pure and satisfies (J5.46I) . Then 

(c lA v a ( bB )c b c C D] =o. 

■flim + inti /IK A Oh Wir ffl-A <-ms-1 m 

D Sb 



Proof. To prove that £ satisfies (|5.9[) . it suffices to contract equation (I5.42[) by £ aj4 and 7 6 D C '£ fc ' 4 . We find 



(c A v a e B ) e h c + 1 (c A c ab B e c + cVc c ) = . 

The second term is skew-symmetric in AC. Therefore, symmetrising over AC yields (|5.9p . 

We now want to derive conditions on £ A and ( A for £ A to be foliating. In fact, it is enough to consider 



(r [A v a e s ) e cl = . (Eg 



Contracting (J5.42I) with £ aj4 yields immediately the condition £ a ' A C a S £ C ' — 0; which is equivalent to (j5.46|) 
- the factors can be obtained by means of Proposition ^. 91 Assuming now that £ A and £ A satisfy (|5.46[) . we 
compute 

c aB/-Ab C c E (r A C B OC A /- B \^ b C C E /-C C E C B 0C C r E C B , otf C C E sB 

from which we deduce the remaining condition (|5.7|) . 

Finally, if £ A and £^ are pure and satisfy (|5.46p . contracting equation (|5.43p with ( aA and l b D C C, b A leads 
to 

(C A v a C bB ) C fc c - ^C aA P ab e bB C c + 2C aA P afc C b[s e c] = , 

and the result follows by symmetry considerations. □ 
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Remark 5.22 There are two ways of looking at Proposition l5.21l One is to say that the conformal Killing 
spinor £ A is foliating if and only if ( A lies in the p-module 6 t~ . The other is to think of the twistor-spinor 
(s > C ) as pure as a spinor for the conformal group. 

5.2.4 Pure Killing spinors 

A holomorphic spinor field £ which is both a solution to the twistor equation (|5.42j) and an eigenspinor of 
the Dirac operator, i.e. 

r B c v a e = K c , 

for some smooth function A on M. is known as a Killing spinor. Otherwise put, £ satisfies the Killing 
equation 

V^ + A-e/^O. (5.47) 

n 

In the case where £ A is pure, then £ A is a Killing spinor if and only if C, A £ ©'T. This can be seen as an 
extension of Proposition 15.211 at any point of M, ( A takes values in S - s - . Then £ A is foliating if and only 
if locally ( A £ e 12 ^ - . 

The Killing spinor equation (|5.47p is clearly not conformally invariant, and one will expect non-conformally 
invariant integrability conditions and other geometric properties. 

Proposition 5.23 Let £ A be a pure Killing spinor. Then 

C a bcd£. — > 6 A abc = 

y nS($) = o. 

Further, its eigenvalue A satisfies 

i.e. A is constant along the 7 -plane distribution defined by £ . 

Proof. This is a special case of ([5^2]) . (1CT5)) . (jS^I . and (j5^5l) with C A = A£ A . D 

This equation is also valid in even dimensions, but must necessarily involve non-irreducible Dirac spinors. 
Since there is no chirality in odd dimensions, one is free to restrict the Killing equation to pure spinor fields. 
The relation to the foliation condition is given by the following lemma, whose proof is left for the reader. 

Proposition 5.24 Let £ be a pure conformal Killing spinor. Then £ is a Killing spinor if and only if 

(v a e [A )t b B t c] =o, (c c v a t lA )t B] = o. 

In particular, £ is strongly foliating, i.e. [r(A/' J ~), T(A/ r " L )] C T(J\f). 

The question of when a pure conformal Killing spinor is locally a parallel spinor was dealt with in even 
dimensions in )TC12b) . In odd dimensions, things are very similar, and the next result will be stated without 
proof. 

Proposition 5.25 Let £ be a foliating pure conformal Killing spinor, and suppose that the metric can be 
rescaled so that the Schouten tensor satisfies P a ;,£ = 0. Then there exists a conformal rescaling such that 
£ A is locally parallel. 
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Remark 5.26 Non-foliating twistor-spinors are pertinent to the theory of differential equations. Using the 
method of equivalence, Cartan |CarlO] showed how to encode the invariance properties of certain ODEs 
of Monge type in terms of a (2,3, 5)-distribution, i.e. a rank-2 distribution TV on a 5-dimensional smooth 
manifold, generating the tangent bundle, i.e. [TV, TV] is a rank-3 distribution, and [TV, [TV, TV]] is the full 
tangent bundle. This is more invariant expressed as a G2-principle bundle equipped with a Cartan connection. 
To this (2, 3, 5)-distribution, Nurowski [Nur05] was then able to associate a split-signature five-dimensional 
conformal structure, with respect to which TV is totally null, with orthogo nal comp lement [TV, TV] . The general 
theory, expounded in the language of parabolic geometries, is given in [CS09allES091IHSiT] . In particular, 
the conformal holomony of such manifolds is characterised by being contained in G2, or equivalently, by the 
existence of a real twistor-spinor, generic in the sense that £, C,A 7^ 0. 

Flat case For a (2m + l)-dimensional conformally flat manifold M, the twistor equation can be integrated 
explicitly 

for some constant spinors £ , ( B . The space of solutions (£ , C B ) is thus a 2 m -dimensional vector space. 
The solutions of (£, A ,( B ) distinguished by £ A , ( B pure, and satisfying the constraint (J5.46I) . has then a nice 
geometrical interpretation. Its projectivation is the space of all 7-planes in the compactification of M, also 
known as the twistor space of M. 

Relation to the Goldberg-Sachs theorem In |TC12aj . a higher-dimensional version of the Goldberg- 
Sachs theorem is given, based on a coarser version of the present classification of the Weyl tensor and Cotton- 
York tensor. In particular, suppose the Weyl tensor and the Cotton- York tensor satisfies the conditions 

e A e B ? [C c abcd e ] = , t lA t aB] e c e D A abc = o . (5.48) 

Suppose further that the Weyl tensor is otherwise generic. Then the pure spinor field t; A is foliating. 

As in the even-dimensional case |TCl2b . Proposition 15.211 provides an example of a non-foliating pure 
spinor field which satisfies (|5.48[) , but which however violates the genericity assumption by virtue of Propo- 
sition [2201 While the spinor is not foliating, its intrinsic torsion satisfies a weaker condition. This motivates 
the following conjecture improving the author's work |TC12aj . 

Conjecture 5.27 Let £ be a holomorphic pure spinor field on a (2m + 1)- dimensional Einstein complex 
Riemannian manifold (Ai,g) such that the Weyl tensor satisfies £ £ 6S £ C a b c d£ = 0. Then £ satisfies 

t [A U aB] vM E ) e lc t D] +t [c U aD] v a s b E ) e lA s B] = o. 



Weaker conditions such as (|5.6[) may well be possible too, but an investigation of the veracity of the above 
conjecture is beyond the scope of this article. 

A Spinorial descriptions of curvature tensors 

A.l Projection maps 

In this appendix, we give explicit formulae describing the various irreducibles p-modules of the spaces #, 21 
and £ as kernels of maps ^Hj, II| and e II$, which on restriction to the p-modules gr^^O, gr^ (21) and gr^(C) 
project into the ireeducible p-modules $, 2t? and <£?. 
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Tracefree Ricci tensor For $ a6 G 3, define 



^u°_ 2 ^):=^ A e B ^ ab e lc ^ 



S n°($):=rt bB *a b , 



D] 



'n^*)-^* 1 *^ 60 

g 



nj(*) := z [A e B] * ab + z^pj*?*? ** > 



n 



*n?($):=r^a b , 



Cotton- York tensor For A a6c G 21, define 



n°3(A) : =e [A r B1 e 6[c r^ £ u a6c , 

n°_ 2 {A) := C {A e B) C C A abc (mod C ( ^ B)C ) , Ill 2 (A) := r [ V B1 f C A a6c (mod ^a^ c ) , 



Il 3 _ 1 (A):=f^ A ^A a 



be 



2(n+l) 



^ r (X| € MD iWy IB) _ l r D^Cr r KA| iWy IB) (mod ^(A^) c) j 



n+ 1 



n 2 _ l( A) := ^f ^4*, + -^—^c^M^A^J^ -±-^e C e [Al A abd%D lB] (mod ^C^^^e) , 

n\{A)-.= e A e B c c A abcl 

u^(A) ■= a [A e B k bcC A abc J—c c e A e B A abc , 

n — 2 



Xll(A):=e {A e B) A abc (mode 

n°(A):=rV cB A Q6c , 



(^■B) 



nJ(A):=r [ V B U a6c (mod^ 



2(n-3) 7(aS 6 ) cd? ^ + n^3 A cd[alb\ 



Y1\(A) := Z cC A [ab]c e - r > <"' L '" L ' '"'<"" 



D 



D 
B ' 



U\(A):=e A e B A abc , 



n°(A):=e cC A abc i; 



n-2 



thBfbC i 



n°(A):=r C A [ah ]- 

Weyl tensor For C a&cd G £, define 

e n%(Q:=^ A e B e c] c abcd e D t dE , 



n 2 (A):=e C A (ab 



€ n°_ 2 (C):=e A S aB e C] c abc d cdD > 



CttI 



cC C dD 



ni 2 (C):=r A f"c a6cd « ' 



£ n 2 _ 2 (o : = rt^ cd r c e B + ^ (e aA e 6B c afcce r eB 7dB c - e c e lAl c abce e eE iJ B] ) € 



^W A| cV |B1 c a6de ^r B (mod ^/ lc e D - e c a/ B ^) 
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£ n°_ 1 (C):=rV B C?a6o^ cdC , 

e nLx(c) : = cV [B c Qbcd r c] + ^7 J B| r £ c 6|cl r^ Q&ce (mod ^*a d c] ) , 

^(C) := e A i b{B C abc d cC) + ^J B k aE e lC) r A C abce (mod £*{< V>) , 

c- n 0fr , \ c ahA r< c cdB £rr 1 (r<\ c abA n c d [c c D] ' cabAtdeErt „, l c cD] 

•U-olW — S ^abcd<i i LhA^)-— S °a6cdS 5 _ _ 7? ? ^abdelcE S 7 

u 0V°J — S ? ^abcdi ) 

C n 3 CrV-^ aA r pdDpC , _J_ /% [A\ f aeE r pd\D]pC _taCpe[A r pfE D]\ 

2(n-3)(n-5) [ & l £ °aed/? 1\ c ]f ? l mod ? a &c S J 

3 



£ n 4 

11 



(n\—p aA r pdDpC I J / {A\eaeE(-; pd\D) pC _ paC pe(A\ n pfE \D)\ 

\y)—S ^a(bc)d^ ? n + 3 V 7 ( fc l £ ^ °ae|c)d? S ? ? °oe(6|/? 7 C ) B J 



:! 7 (b|£ (A r^ Qed/ ^ 7|c) /)^ (mod^ajV) 



2(n + l)(n + 3) 

CttO^^in c abB r< C d C £tt1/ / '-i\ t^r 1 £ dD _i_ J „, [-AltaeSz-r £<2|.D] 

C IT?(C) := C A C a(bc)d t dD + -±- 1{blE ( A \ r ^C aelc)d ^ (mod ^ D a bc ) , 

£ n°(c) := r fcA c abcd , c n^(c) := r A c a(6c)d e dS , 



Ctt2 



n 2(C) : = ^^Coftcd + -T77Y (7b£ j4 r eB C aecd - 7[ C B A r eB C ae |d]6) ^ 

+ ^-r^y (7 [c | B A e aB ^ M] 6ee°) (mod ^a 6c ) , 



£ nUc):=c A c abcd , 

A. 2 Spinorial representatives 

It is often more convenient to work with a particular choice of grading adapted to the filtration (J2.4I) . In 
particular, the irreducibles p-modules 5^, 21^ and <L\ are isomorphic to irreducibles go- m °dules §j, 21^ and 
Cf respectively, and one can give explicit spinorial 'representatives' for elements of those modules. 
In what follows, £ and t\a are spinors annihiling 23 1 and 23_i and satisfying £, t/a = — -k, and 

u a = 2 f^ , /i ab = g ab + u a u b , w ab = -2 £ [a A r? 6] ^ , 

as already defined in (|2.15p . (J2.16I) and (|2.20p respectively. Further, any upstairs and downstairs upper case 
Roman index refers to the go-modules & m-2 and & m-a respectively. Finally, an element 

2 2 

O A C D - F £ 6_m-2 ® ... (g)&_ m -2 (8 6 m-2 <g> „.®6»-i 

^■^ 2 2 2 2 

will be referred to as (totally) tracefree, if the contraction of any pair of indices with the identity element I B 
defined by (|2.13[) vanishes, e.g. <J A B Ig — 0. 
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Tracefree Ricci tensor Let Q ab £ J. Then 

• $ a6 £ S'o ^ and only if ^ab — £,i a Al lb)B^A B f° r some tracefree <& A B ; 

• <i> a6 £ So if and only if *&ab = $ (■"„«;, + —z\-h ab \ for some complex $; 

• <i> a6 € §i if an d only if $ ab = ^ a A ^ AU b] for some $a; 



• 



& ab £ §2 if an d only if $ab = £ a %i, b &ab for some $,45 = $u B ), and similarly for an element of ^ 2 
by substituting £ for 77^4 and changing the index structure in the obvious way. 

Cotton- York tensor Let A a bc £ 21. Then 

• A abc £ 2to if an d om y if A abc = a [u a iu bc — u, b uj , J for some complex a; 

• A abc £ 2LJ if and only if A abc = u a A bc - u [b A c]a where A ab = S,[ a A Vb]B A A B f° r some tracefree A A B ; 

• A abc £ 2L§ if and only if A abc = A a[b u c] where A ab = £, {a A ri b)B A A B for some tracefree A A B ; 

• A abc £ 2t° if and only if A abc = A a uj bc - A [b uj c]a + -^g a[b u: c]d A d where A c = £ C C A C for some A A ; 

• A a6c £ 21} if and only if A abc = 2u a u [b A c] + ^.h^A^ where A a = £ a A A A for some A A ; 

• A abc £ 2li if and only if A abc = £, b A £ c B VaC A AB C ~ L A t.[ b B V c ]c A AB C f° r some tracefree A AB C = 
A c - 

^{AB} ' 



• A abc £ 2Lf if and only if A abc = £, a A £,[ b Br l c ]c A AB C f° r some tracefree A AB C = A {AB) C ; 

• A abc £ 2t§ if and only if A abc = w a A bc - u [b A c]a where A a6 = Z a % B A AB fo some A AB = A [AB] ; 

• A abc e 2^ if and only if A abc = A a[b u c] where A ab = £ A £ 6 S ^4 AB for some A AB = A (AB) ; 

• A abc £ 2l§ if and only if A abc = £, a A £, b B £, c c ' A ABC for some A ABC = A A [ BC] satisfying A [ABC ] = 0. 

Using the duality (2r_i)* — 2t?, spinorial decompositions of elements of W_ t for i — 1,2,3 can be obtained 
by interchanging £ and r/ A in the obvious way and notation. 

Weyl tensor Let C ab cd £ £■ Then 

• Cabcd £ £0 if and only if 



C a bcd — c ( 2w afc w cd _ 2w a[c W d]6 ^ ^-^^a[c^d]bj I 



for some complex c; 
Cabcd £ £0 if and only if 

Cabcd = w ab*cd + ^ab^cd - 2w [a | [c * d] | 6] ~~ ~ _ 3 [J 1 [a | [c W d] E *| 6]e + fyc | [a W h] 6 *| d]e J 

where \& cd :— ^\ C C V d}D^ c D f° r som c tracefree "J/^ 15 ; 
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Cabcd g £o if and onl y if 



Cabcd — u [ a ^b][c u d] ~ _ o^[o|[c*d]|6] i 



1 

n — 3 



• 



where ^ cd := ^( c C Vd)D 1 ^c D f° r some tracefree ^c D ' 

r-'i 



Cabcd e £f, if and only if 

n — C A C B „ m iTi CD , c At B„ „ , T , CD oc A ( C„ „ , T , DB 

^abcd — ?o Sb VcCVdD^ AB "+" ?c Sd VaCVbD^ AB _/ S[a| ?[c ^dJID^blB T AC ) 

for some tracefree \E , AC ,- DS = V^r^ ; 

• Cabcd € Co if and om y if 

tsabcd ~ ?[ | ?[ c IdJIfl^ftlB^AC i 

for some tracefree x P J 4c'' D ' B = 'I'yp, ; 

• Cabcd e &i if and only if 

Cabcd =UJ ab ^ [c U d] +UJ cd f [a U b] -CJ [a | [c * d] M| b] - W[ C | [o *(,]«!<*] 

+ ^ __ 2 (^["ll^dl^lbl^e+SlclIaWbl^ld] 6 *, 

where \fr a = Ca' 4 ^/! f° r some "J/^; 

• Cabcd <E £} if and only if 

Cabcd = U[ a * b]cd + U [c * d]ab i 

where * aoc - ^AcAc - ^^[/f^^BC for some tracefree ^ AB D = V [AB] D ; 

• C abc d € £1 if and only if 

Cabcd = U[ Q * b]cd + u [c * d]ab . 

where * aoc = f c %, B »? 6]0 tfflC! 1 ' for some tracefree * AB D = * (AB) D ; 

• Cabcd € ^2 if anc i on ly if 

Cabcd = w ab*cd + *ab w cd - 2w [a | [c * d]\ b] ~ n _ 2 (-9[a I [c W d]^ b]e + 9[c | [a W b] 6 *| d]e J ■ 

where * a b := £a A £b B *AB for some ^ C d = *[ct]; 

• Cabcd G ^2 if and only if 

Cabcd = W[ a *6][c W d] ~~ ~ _ 3 fya |[c * d]| b] 1 

where * cd := £c% D *cd for some t> AB = * (AB) ; 

• Cabcd € ^2 if an d only if 

r< — t -4f S C C„ , T/ D , t Ac Be C„ , T/ D 

^abed — ?o ?6 S[c ^]fl^iBC "+" Sc So" S[o Vb]D^ABC i 

for some $i BC = *[ab]c satisfying $[ AB c] = 0; 
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• Cabcd G £3 if and only if 

Cabcd = u [a * b]cd + u [c ^ d]ab , 
where * ahc = £, a A £, b B £, c c ^ ABC for some ^ abc = *[as]c satisfying * [ABC ] = 0; 

• Cabcd G £4 if and only if 

C a 6 c d = £ a Cfc £c £d *ABCD , 

for some ^abcd = * [AB] [CD] satisfying ^[ A bc]d = 0. 

Using the duality (&Lj)* — ^j spinorial decompositions of elements of C^ for i = 1, 2, 3 can be obtained by 
interchanging £ and j]a in the obvious way and notation. 

B Spinor calculus in three and five dimensions 

In this appendix, we give a brief description of spinor calculus in three and five dimensions emphasising its 
relation to the classification of tensors with respect to a 'principal spinor'. 

B.l Three dimensions 

Let (QJ, g) be a three-dimensional complex vector space equipped with a non-degenerate symmetric bilinear 
form. The double cover of the special orthogonal groups SO(3, C) is the complex special linear group SL(2, C). 
Thus, the spin space © and its dual space are two-dimensional complex vector spaces equipped with non- 
degenerate symplectic forms sab and e respectively. By the two-dimensionality of 6, it thus follows that, 
as in the case of the two-spinor calculus in four dimensionsQ any irreducible spinor representations must be 
totally symmetric since skew-symmetry can be eliminated by means of the volume forms sab and e . We 
take the convention that e Ac e BC = S B and indices are lowered and raised as follows 

nA„ c „AB r /-A 

? £AB = CB , e t,B = t, ■ 

We can convert tensorial quantities into spinorial ones by means of the normalised Van der Waerden 7- 
matrices -^7„ , which are symmetric in their spinor indices, and satisfy the identity 

laA B l a c D = -ffic + £ A C Z BD , i-e. laAB^CD = -^A(C e D)B • 

In particular, we have that QJ = A 2 QJ = Q 2 © where we have made use of Hodge duality, so that two-forms 
are also represented by symmetric spinors of valence 2. Further, since it is well known that there is no Weyl 
tensor in dimension three, the only irreducible curvature tensors that remain are the tracefree Ricci tensor 
<&abcd = <&(abcd) and the Cotton- York tensor Aabcd = A^abcd)- In particular, the spaces # and 21 of 
tracefree Ricci tensors and of Cotton- York tensors are isomorphic to one another. 

Principal spinors Fixing a spinor £ induces a filtration ©2 c©~ 5 on© where 

©-*:=©, ©5 = (S A ) = {ae A e6:a A U = 0}- 

The notion of principal spinors can defined in exactly the same way as in four dimensions: the spinor £ 
defines a filtration 

k k -I k 1 1 fc 

62 c © * -1 C . . . C ©"2+ 1 c @-2 



4 So, unlike in higher odd dimensions, the Lie algebra so(3, C) admits a |l|-grading. 
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on 6 2 ;— Q k &, where 

^ k-21 + 2 ( k A A 1 

©^ := {^...a, e 6"' : ^,..M w ...4^-e A( } - 

and £ A is said to be a principal spinor of 4> A A if it lies in G~2 +1 . 

In the particular case k = 2, we have a filtration g 1 C g° C g -1 on g the Lie algebra so(3,C), or 
equivalently on 2J = A 2 2J = g, where 

0" 1 := , 0° := {0AB e © 2 6 = <WV = 0} , 1 := {cf> AB £ 2 6 : cf> AB ^ A = 0} . 

Similarly, the case k = 4 yields filtrations on # and 21, but it is worth noting that unlike in higher dimensions, 
the filtration on 21 is 'shortened' by two vector subspaces, i.e. 

{0} =: 2l 3 C 2t 2 C 21 1 C 21° C 2T 1 C 2T 2 := 21 . 

Foliating spinors and others The filtration on the p-module 2U := 23 g/p, where p := g° stabilises 
£ A , defining the classes of intrinsic torsion associated to the spinor field £ A is also shortened to 22J° C 
2K _1 C 2U~ 2 . From a geometric point of view, this is reflected by the fact that on a 3-dimensional complex 
Ricmannian manifold, the null plane TV associated to a projective spinor field £ A is only 1-dimensional, and 
is thus trivially integrable. The remaining differential conditions then reduce to only three as given by the 
following proposition. 

Proposition B.l Let [£ ] be a holomorphic projective spinor field on a 3-dimensional complex Riemannian 
manifold with associated j-plane distribution N ' . Then the intrinsic torsion of [£ ] 

• lies in W- 1 if and only if Z A £, B £ C V AB £ C = if and only if [r(A/' J -), r(7V'- L )] C r(7V- L ); 

• lies in 2»° if and only if£ B £ C V AB £ c = ° if and onl V if [ r (- A ^" L )> r (-^ ± )} <= T(M); 

• vanishes if and only if £ V AB £,c = *-*• 

Remark B.2 The above conditions are equivalent to the null vector field k AB := S, A S, B being geodetic, 
dilation free and recurrent respectively. 

B.2 Five dimensions 

Let (23, g) be a five-dimensional complex vector space equipped with a non-degenerate symmetric bilinear 
form. The double cover of the special orthogonal groups SO(5, C) is the complex symplectic group Sp(4, C). 
The spinor space & and its dual space are thus four-dimensional complex equipped with non-degenerate 
symplectic forms eab and e respectively. One can convert tensor indices into spinorial ones by means of 
the normalised skewsymmetric Van der Waerden 7-matrices hl a ■> tracefree with respect to s AB , which 
satisfy the identity 

B a D cB X D oxD x B <->_ BD ■ a , .. /r> 1 \ 

laA 1c ^o A d c -2d A d c -2e Ac e , i.e. l a ABl cd = ^ab^cd + ^a[c £ d]b ■ (B- 1 ) 

In particular, we have 23 = (A 2 6) c and A 2 2J = 2 6. 

The tracefree Ricci tensor, the Weyl tensor and the Cotton tensor admit the spinorial expressions 

&ABCD = ®[AB][CD] , ®[ABC]D = , 

CaBCD = C(ABCD) j 

A-ABCD = \aB\(CD) , \aBC\D = , 

respectively, all of which are completely tracefree. 
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Principal spinors Following the notation of section [5J a spinor £ A induces a filtration 6 1 c &° C & x 
on & where 

S- 1 ^©, 6°-{ Q A e6:a,e A = 0}, 6 1 := {£ A ) = {a A e 6 : a [A £ B] = 0} , 

In particular, the concept of a principal null spinor £ of a spinorial object of any valence by means of the 
wedge and contraction operations. 

The spinor £ A induces a filtration QJ 1 C 23° C 9J _1 where 

Or 1 ^®, 23° :={V AB eQJ:^ ^ 51 =()} , 2J 1 := {y AB £ 2J : £ C V Cyl = 0} , 

wherqj we can define equivalently 23 _1 = {V AB G 03 : £[aVbc] = 0} 

Similarly, the irreducible graded structure of the Lie algebra so (5, C) can be expressed in terms of kernels 
of the maps 

*n°_ 2 (0) := fY^ fl , "n^) := £ V B £ C] , 

»n°(0) := £ A ^ A B , "nJM := z lA cb B][c t; D] , B n?(^) := A[S £ C] , 

where (j> AB = (f> (AB) . 

The explicit expressions for the maps ^LT^, a Ir? and c Ir? defined in section[3]can be significantly simplified. 
For $ ABCD e $, we have 

5 IF° 2 ($) ^^F^^BCID^^CE] , S n°_ 1 ($) := ^ABC[D^f^E] , 

^n°($) : = ^ AB c D ef > 5 ni($) ; = ? [A $ B]£CD ( £ + e [M[C $ D]mB] ee , 



5 n?($) := SabcdZ 



B 



For A^sc^) S 21, we have 

LT_ 2 (A) := A ABCD l; £ £ , T1-2(A) '= £[aAb]EF[c€ € £d] + £[C^D]£F[a£ £ £b] 

"II^CA) := 4£ [A ,4 flpBC £ £ B - ^W B £^£ C , a n^(A) := ^c[d£ B £ C £ S ] , 
»tt3 f A\ — c. . A cG c _.c. _. , t. _ /I tGV .t. _ , t._ /t _. .t&t 



II_ 1 (A) := £[aA B ]G[C\[e€ €f]£\d] + €[cAd]g[e\[a£, £b]£|f] + £[eA F ] G [a\[c£, £d]€\b], 
a n[J(A) := A A bcd£ B £ C , a nJ(A) := £ ^af[b\[d^e\^\C] > 

^o(A) '■= £[ A £, Ab]F£[c£d] + £[A? ^B]EF[C^D] ' 

n i(^) : =C[A? ^S]BCD-C ^ABB(C^D) ' n i(^) : =£ ^A£B[C?D] 

n i(^) := A A b[c\ie€f]€\d] + A C d[e\ia£,b]£\f] + A EF [ A \[c€d]£\b] , 

n 2 (^4) '■— £ ^adbc ' n 2 (A) := 4 iflC [ D ( B j + ^-dec[a^b] 



5 This can be seen by means of a volume form eabcd so that eabcd = ^ £ \AB e C D\ = §^ [AB^C D\' wn i cn can be seen 
to satisfy the normalisation so that £abcdE EFGH = ^^\a^b^C^d~\ ' Also, a vector (or 1-form) V a is null if and only if it is of 
the form V = £>■ a B ' for some spinors £a an d a A with aA f = 0. 
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Finally, for C ABCD € £, we have 



£ II _ 4 (C) := C ABCD (, A efe , e n« 3 (C) := C ABC[D ^ B ^ E] , 

n_ 2 (C) := CabcdS, £, £ > n_ 2 (C) := ^C a]bc[d£ £ £s] i 

n.^C) := C A bc[d£, £, £,e], H-i(C) := £[ F C A ]b[c\[d€ €e\£\f], 

Ho(C) : = CabcdZ, i , n (C) := £[ F C A ]bc[d^ Cf], n (C) := £[g£\[fCa]\b][c\[d€e]€\f] , 

n i(C) := ^fC^jbcdC > n x (C) :=^[fC^] B [c|[o^£;]^f] > 

112(C) := CabcdS, , n 2 (C) := £,[fCa]bc[d£,e] , 

113(C) := Cabc[d£e] ■ 

B.2.1 Foliating and not so foliating spinors 

On a five-dimensional complex Riemannian manifold (A4,g), the differential characterisations (|5.6j) . (|5.7|) . 
(|5^8]) . ([5^9]) . (f5TT5]l . (|5TT2|) . (|5~T3|) . (|5TT4l) of a projective spinor field £_ A can be expressed as 

^A(fV B ]C^)^=0, (B.2) 

(e S VAse C )ec=0, (B.3) 

^ D[ a(b)^c]=0, (B.4) 

fc (e B V B] ^[t7)^]+^[c fV^)^,^, (B.5) 

(VA B f)& = 0, (B.6) 

(^V^e [B )Cc]-0, (B.7) 

(v Ac t; c )t; B -(z c VAc< B ) = o, (b.8) 

(Vab?[c) £d] +C[c £ z3][aV B ] B ^ +£[c\[a€ V B ]s^|z)]=0, (B.9) 

respectively. 

Further, condition (j5.16[) for an almost foliating spinor reduces to (|B.2|) . Condition (|5.1T[) for a 7 - 
foliating spinor can be expressed as 

S[A (^B]E^c) Sd] + ^D][A (t E V B]E Z F ) d F = . (B.10) 

while condition (|5.18[) for a foliating spinor 

(t B v AB t; c ) & = , S[a(^v b]e £ [C )£ d] =o. (B.11) 

As an example, one can check that a solution £ of the twistor equation 

Vab^c + q £ abCc + tC[a £ b\c = ' C = ^ £b ! 

satisfies equations (|B.11|) if and only if £, a C,a — as claimed in Proposition 15.211 

C Conformal structures 

In this appendix, we collect a few facts, notations, and conventions pertaining to conformal and projective 
geometries. We roughly follow [BEG94] , although our staggering of indices differs from theirs. 

A smooth, respectively holomorphic, conformal structure on a smooth, respectively complex, manifold A4 
is an equivalence class of smooth, respectively holomorphic, metrics [g a b] on A4, whereby two metrics g a b 
and g a t, belong to the same class if and only if 

g ab = n 2 9ab: (C.l) 
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for some non- vanishing smooth, respecitvely homomorphic, function Q on M. The respective Levi-Civita 
connections V a and V a of g ab and g ab are then related by 

V a V b = V a V b + Q ac b V c , Q abc := Q ab d g dc = 2T (a5h)c - T c9ab , 

where T a := f2 _1 V a f2. 

Spinor bundles For a formal definition of the spinor bundle © on a conformal manifold, see e.g. [BJlOj . 
For our purpose, we simply note that under a rescaling (|C.1I) . the Van der Waerden 7-matrices can be chosen 
to transform as 

laA B -> laA B = ^.a" , 

where 7 Qj 4' B denote the Van der Waerden 7-matrices for metric g ab . In addition, we can choose the spin 
invariant bilinear forms sab on iS to rescale with a conformal weight of 1, and their dual with a conformal 
weight of —1. This means in particular that the quantities 7 a and 7% B have conformal weight 0. Then 
the spin connection V a is related to V a by 

v Q £ s = v Q e s - h bl \ c B e + l -T a e 

2 2 (C.2) 

= V a£ - 2 1 bl C laD ? > 

and similarly for dual spinors. This connection preserves the hatted 7-matrices and the hatted bilinear forms 
on S, in agreement with the convention of [PR84J . 

If we now assume that £ A is a pure spinor field, then we obtain from (|C.2p 

c] 



(v a f B ) L c = (v a e 6S ) i b c + \t b e D i aD B f + 2T b ^ B C 

(r A v a e s ) = n- 1 (r A v a e fl - lr b e B t A + r b e A e) , 
(t A vj bB ) 4 c = n- 1 ((rx^) e b c - \^ b e B ^ c - 2T b e^ c k B ) , 

(vi aS ) C c - T B v a c c = cr 1 ((v a c B ) f - e B v a f + ^r b e B f + lr b e c ^ , 

where we have set t; aA := j a B A S, B . Combining the first and last of these expressions yields 

(v a £ b[B ) L c e ] - ^—^ ((y b i b[B ) e c - £ b[B v b t c ) L D] 

= (y a e [B ) ^ D1 - ^yy ((y b e [B ) e c - e [B v b t c ) l d] 



Curvature The conformal properties of the Ricmann curvature can be conveniently brought out by means 
of the decomposition 

R ahcd = C abcd - ^9[c\[aPb]\d] , P ' ab ■= J~^^ ab ~ R 2n(n - \) 9ab ' ^'^ 

where the Weyl tensor C abcd is the conformally invariant part of R abcd , and the Schouten or Rho tensor P ab , 
together with its its trace P, transform as 

P ab = Pab - V a T b + T a T b - ^T c T c g ab , P = fT 2 (p - V C T C - H^TTT^ . (C.4) 
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Finally, the Cotton- York tensor 

Aabc := 2V [6 P c]Q = -(n - 'i)V d C dabc , 
where the expression on the RHS follows from the contracted Bianchi identity, transforms as 

A a bc = A abc — 1 Udabc ■ 

D Tables of irreducibles 

In this appendix, we have collected tables of the irreducible g-modules and their p-modules decomposition 
in terms of their dominant weights and dimensions. Much of this representation theoretic description is 
already explained in |TC12bj . and more thoroughly in [BE89,CS09b]. We shall therefore remain concise on 
this subject, and refer the reader to the aforementioned references for more details. 

D.l The Lie algebra so(2m + 1, C) 
The Dynkin diagram for g := so(2m + 1, C) is 



m nodes. 



In the case m = 2, this coincides with the 'reversed' Dynkin diagram «=^» of sp(4,C). 

The irreducible g-modules considered in this article can be represented in terms of their dominant weights 
and dimensions as given in the table below: 



g-mod 


Dominant weight 


Dimension 


03 


10 


2m + 1 




B 


10 


m(2m + 1) 




3 


2 


m(2m + 3) 




% 


110 


|(2m-l)(2m + l)(2m + 3) 




£ 


2 


|(m - l)(m + l)(2m + l)(2m + 3) 





D.2 The parabolic Lie subalgebra p 

To the (standard) parabolic Lie subalgebra p stabilising a pure spinor £ A corresponds the mutilated Dynkin 
diagram 



The Dynkin diagram for the reductive part q = Ql(m, C) can be recovered by eliminating the crossed node. 
We have collected tables of the irreducibles p-modules occuring in the p-invariant decompositions of the 
representations QJ, g, $, 21, C and 23J. Care must be taken in five dimensions where the modules 21^, £± 2 > 
Cj-x, £p do not occur, and the isotopic modules £j and €q degenerate to the same module. In dimension 
seven, the module €.q does not occur. 
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